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ABSTRACT. We obtain sharp estimates for multidimensional generalisa-
tions of Vinogradov’s mean value theorem for arbitrary translation-dilation
invariant systems, achieving constraints on the number of variables ap-
proaching those conjectured to be the best possible. Several applications of
our bounds are discussed.

1. INTRODUCTION

The investigation of Diophantine problems of large degree is in general
fraught with difficulties only partially mollified by the presence of intrinsic
diagonal structure. Indeed, such analyses as are made available via the Hardy-
Littlewood (circle) method, when successful, involve complicated exponential
sum estimates widely considered to be amongst the most challenging in the sub-
ject. The application of Weyl differencing by Davenport, Birch and Schmidt,
on the one hand, involves a delicate interplay between the singular locus asso-
ciated with the problem and the quality of ensuing exponential sum estimates
(see [4], [5], [13]). As an inescapable feature of such approaches, the number
of variables required in a successful treatment grows exponentially with the
degree of the problem at hand. The extension of Vinogradov’s methods to
exponential sums in many variables, on the other hand, is notoriously compli-
cated. The work of Arkhipov, Karatsuba and Chubarikov [1], [2], for example,
permits substantially sharper conclusions to be drawn when partial diagonal
structure is present. However, the complexity of the underlying methods has
deterred a consideration of all but the simplest model situations (see [2] and
[9]). In addition, the available conclusions fail to achieve their conjectured
potential by a factor growing roughly like the logarithm of the total degree of
the associated translation-invariant Diophantine system.

Our goal in this paper is to extend the efficient congruencing method intro-
duced by the third author [21] so as to accommodate the generalised Vino-
gradov systems of Arkhipov, Karatsuba and Chubarikov (see [1], [2]). It tran-
spires that for systems of large degree, the bounds that we thereby derive miss
those conjectured to hold by a factor of only 2 or thereabouts, transforming
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the previous state of the art. Moreover, our methods are of such flexibility that
they may be successfully applied to translation-invariant systems of wide gen-
erality, and in particular to systems closely related to those subject to recent
investigations by quantitative arithmetic geometers studying the Manin-Peyre
conjectures (see [14, §4.15], [15]). Since our methods yield estimates no less
striking for such systems, we take the opportunity to derive rather general
estimates again coming within a constant factor of those conjectured to hold.
There are consequences of all of this work for exponential sum estimates of
Weyl-type, for the solubility of systems of Diophantine equations and related
problems, and for certain problems in additive combinatorics, and these we
also explore herein.

Rather than encumber the reader at this point with the substantial nota-
tional prerequisites entailed by a discussion of our most general conclusions,
we instead offer the more easily digestible corollaries particular to the model
problem considered in earlier work [9] of the first author. Let s, k and d be
natural numbers, and let X be a positive number. We focus attention on the
system of simultaneous Diophantine equations

Zxﬁmzé - x;fi = Zyﬁyﬁ : y;fi (I<ip+...+ig < k). (1.1)
j=1 j=1

Here, the indices 7,, are non-negative integers, so that a modest computation
reveals the total number of equations in the system (1.1) to be r = r4y, where

rag = (k jl' d) Y (1.2)

Meanwhile, the total degree of the system (1.1), which is to say the sum of the
degrees of the equations comprising the system, is equal to K = K, where

Kap = Zz(l * Cll - 1) LIS (1.3)

T d+1

In particular, in the familiar classical Vinogradov system with d = 1, one has
r=kand K = k(k+1). Finally, we write .J, , 4(X) for the number of integral
solutions of the system (1.1) with 1 < jp, Yjm < X (1 < Jj <5, 1 <m < d).

In §2, as a special case of Theorem 2.1, we derive an estimate for Jgx 4(X)
that is in many respects close to the best possible. Here and throughout,
implicit constants in Vinogradov’s notation < and > depend at most on s,
k, d and e, unless otherwise indicated. The letter X should be interpreted as
a positive number sufficiently large in terms of s, k, d and .

Theorem 1.1. Suppose that s, k and d are natural numbers with k > 2 and
s = r(k+1). Then for each € > 0, one has J ;. a(X) < X250 K+e,

The special case of Theorem 1.1 with d = 1 is equivalent to [21, Theorem
1.1}, a conclusion which has very recently been sharpened in [22, Theorem 1.1],
so that for £ > 3 and s > k% — 1, one has

Js el (X) < X?s—%k(k-ﬁ-l)-ﬁ-&‘
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When d > 1, meanwhile, one may compare the conclusion of Theorem 1.1 with
work of Arkhipov, Karatsuba and Chubarikov [2]. Although set up slightly
differently, it is clear that the methods of the latter authors have the potential
to establish a bound of the shape

Js,k,d(X) <<X25d—K+As7

where A, decays with s roughly like rke=*/"®). In [9, Theorem 1.1] this con-
clusion was improved by the first author for sufficiently large values of &, so
that on writing

so = 3rk(log k — 2loglog k),

one may take

NE rhe?2s/ (k) for 1 < s < s,
* T rllog ke 50/ for 5 >

The estimate supplied by Theorem 1.1 is substantially sharper. Thus, provided
only that s > r(k + 1), one may take A; = ¢ for any positive number ¢.
The number of variables required in typical applications, as we discuss in due
course, is thereby reduced by a factor of order log(rk).

In order to discern the strength of the estimate supplied by Theorem 1.1, we
must consider available lower bounds for the mean value J; j, 4(X), and thereby
infer plausible conjectures for corresponding upper bounds. In §3 we establish
the lower bound for J; 4(X) contained in the following theorem.

Theorem 1.2. Suppose that s, k and d are natural numbers. Then one has

d
Jora(X) > X5 4 ZX(2sfl>j+d7Kj,k_

Jj=1

It seems reasonable to conjecture that whenever € > 0, one has the allied
upper bound

d
Js,k,d(X) < X¢ (XSd + Z X(Qsil)j+d7Kj,k> .

j=1
Thus, when s is sufficiently large in terms of k£ and d, one expects that
Js,k,d<X> < X25d7K+5, (14)

as is confirmed by Theorem 1.1 for s > r(k + 1). We emphasise that here,
and throughout the introduction, we abbreviate r4) to r and Ky to K. As
a consequence of Theorem 1.2, we show in Theorem 3.2 that when ¢ is a real
number with 2d/k < 6 < 1, and

d
2d+2
then there is a positive number 1 = n(d, k) with the property that

Js,k,d<X) > XQSd—K-H’]'

s <

(1 =9)r(k+1),
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When d > 2, therefore, it follows that the conclusion of Theorem 1.1 comes
within a factor 2+2/d+0O(d/k) of the least value of s for which the conjectured
upper bound (1.4) might conceivably hold. In such multidimensional Weyl
sums, a near-optimal conclusion of this type, merely a constant factor away
from the best possible, has hitherto been wholly beyond our grasp.

We next consider upper bounds for exponential sums of Weyl-type, the dis-
cussion of which is much facilitated by the introduction of additional notation.

It is convenient to abbreviate a monomial of the shape z{'z% - -z} to x', in

. s . . . . . . i i1 12 iq
which i = (iy,149,...,44). Likewise, we may write x}, for =)} z;2,---2¢,. In
such circumstances, we put

li| =1+ ...+ 14
Also, in place of the s-tuple (x1,...,X,) we write X, and we adopt the conven-

tion that a < v < b is to mean that each coordinate v; of the vector v satisfies
a < vy < b. Equipped with these conventions, the Diophantine system (1.1)
assumes the compact shape

X+ +x =yl 4yl 1< <ER),
and Jx q(X) counts the number of integral solutions of this system with 1 <

Xy <X,
Define the exponential sum f(a) = fyr(c; X) by

e X) = 3 e(w(xia)),

1<x<X

where

@Z)(Xva): Z aiXi7

1<i|<k

and, as usual, we write e(z) for ¢2™*. Here, the subscript d that identifies x as
the d-tuple (z1,...,x4) may usually be omitted without leading to confusion.
As we have already noted, the number of coefficients «; is r. We adopt the
convention that, when G : [0,1)" — C is measurable, then

75 a@as= | cpas.

[0,1)"

It then follows from orthogonality that
Js7k7d(X) = 7{|fd7k(a;X)|25 do. (15)

Upper bounds for mean values of exponential sums such as f(a) may be
converted into Weyl-type estimates by means of variants of the large sieve
inequality. Before announcing such an estimate, which is a consequence of the
more general result recorded in Theorem 10.3, we pause to record a further
notational convention. When a € Z", we write (¢, a) for the greatest common
divisor (¢, aq, ..., a,).
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Theorem 1.3. Suppose that d and k are natural numbers with k > 2. Let o
be any real number with

1
ot > (2k:<k+j ) —2k+1) (d+1).

Then whenever |for(c; X)| = X377 for some € > 0, it follows that there
exist g € N and a; € Z (1 < |j| < k) satisfying

(,a)=1, 1<q¢<X* and |ga5— a5 < X700 (1< 5| <k).

The special case of Theorem 1.3 with d = 1 is very slightly weaker than [21,
Theorem 1.6], a conclusion which has recently been sharpened in [22, Theorem
11.2]. Thus, when d = 1, the conclusion of Theorem 1.3 holds whenever k > 4
and o' > 4k(k — 2). The work of Arkhipov, Karatsuba and Chubarikov [2],
as interpreted and sharpened by the first author, yields a conclusion similar
to Theorem 1.3. Indeed, it follows from a corrected version® of [9, Theorem
1.2] that a conclusion of similar form holds for sufficiently large values of k,
though with the constraint on the exponent ¢ replaced by a condition of the
shape o7 > Zgl(d + 1)rklog(rk). On noting that (Hg_l) —1=rgp-1 < Tak,
the superiority of our new bound is clear.

We next consider the application of our new estimates to Diophantine prob-
lems. When s, k and d are natural numbers, and q;; is a non-zero integer for
1 <Ji|] <kand 1< j<s, write

$i(X) = ayxi (1< i <k).
j=1

In §11, we consider the Diophantine system
¢i(x) =0 (1< i <k), (1.6)

consisting of r equations of total degree K. Let N(B) denote the number of
integral solutions of the system (1.6) with |X| < B. We follow Schmidt [13]
when defining the (formal) real and p-adic densities associated with the system
(1.6). When L > 0, define

L(1—Llnl), when [n| < L7},
A —
£() {0, otherwise,

and put
pr, = / I Ae(4:(8)) dé.
The limit o, = Llim 1z, when it exists, is called the real density. Meanwhile,
— 00

given a natural number ¢, we write

M(q) = card {X € (Z/qZ)*" : $i(X) =0 (mod ¢) (1 < [i| < k)}.

ISee the discussion following the proof of Theorem 10.2 below for an explanation of the
need for a modest correction in [9, Theorem 1.2].
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For each prime number p, we then put

op = lim P D M (p),

provided that this limit exists, and refer to o, as the p-adic density.

As a special case of Theorem 11.1, we establish an asymptotic formula for
N(B) valid whenever s > 2r(k + 1) + 1.

Theorem 1.4. Suppose that s, k and d are natural numbers with k > 2 and
s =2 2r(k+ 1)+ 1. In addition, let ai; (1 < |i]| < k,1 < j < s) be non-
zero integers. Then provided that the system of equations (1.6) possesses non-
singular real and p-adic solutions for each prime number p, one has

N(B) ~ 05 (H ap> Bk, (1.7)

p

In particular, the system (1.6) satisfies the Hasse Principle.

We note that [21, Theorem 9.1] delivers the same conclusion as Theorem
1.4 in the special case d = 1. As is apparent from the lower bound supplied
by Theorem 1.2 and the ensuing discussion, there exist choices of coefficients
a for which the asymptotic formula (1.7) necessarily fails when k is large and

d

Consequently, the bound on the number of variables in the hypotheses of
Theorem 1.4 is within a factor 2 4+ 2/d 4+ O(d/k) of the best possible bound
for such systems. Indeed, the argument underlying the proof of Theorem
1.2 shows that such remains true in wider generality. The point here is that
special subvarieties contain the bulk of the set of integral solutions whenever
the bound (1.8) holds on the number s of blocks of d variables. Conclusions
available hitherto of the type presented in Theorem 1.4 impose bounds on the
number of blocks of variables weaker than our own by a factor of order log(rk).

As a special case of Corollary 11.2, we obtain an asymptotic formula for the
mean value J; . 4(X).

Theorem 1.5. Let k and d be natural numbers with k > 2. Then whenever
s = r(k+1)+1, there exist positive constants € = € (s,k,d) and 6 = §(k,d)
such that

Js,k,d(X) — (gXQSd—K + O(XZSd_K_(S).

A conclusion analogous to that of Theorem 1.5 is obtained in [9, Theorem
1.3], subject to the condition that k be sufficiently large and

s = rk(3logr + 3 logk + loglogk + 2d + 4).

Again, the conclusion of Theorem 1.5 is much superior. Whend = 1 and k > 3,
meanwhile, the conclusion of Theorem 1.5 is a consequence of [21, Theorem
1.2].
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As a penultimate application of the bounds supplied by Theorem 1.1, in §11
we consider the rational linear spaces of projective dimension d — 1 lying on
the diagonal hypersurface

b+ 42 =0, (1.9)

with ¢y, ..., cs fixed non-zero integers. Such a linear space may be written in
the form

L(X1,. ., xq) = {t1ix1 + ... +taXq : t1, ..., tqg € Q},

for suitable linearly independent vectors xi,...,x4 € Z°. As noted in [9], by
substituting into (1.9) and using the multinomial theorem to collect together
coefficients of t!, one finds that the linear space .Z(X) corresponds to a solution
Vi,-..,Ys € Z% of the Diophantine system

ayi+... eyl =0 (li| = k). (1.10)
This correspondence is made explicit by means of the simple relation

riy =y (1<i<d 1<j<s).
Write Nj . 4(X) for the number of integral solutions of the system (1.10) with

¥] < X, and put
k+d—1
L=k :
)

In §11 we indicate how to prove an asymptotic formula for N ;, 4(X) subject
to the condition that s > 2r(k+1)+1. In this context, we say that the integral
s-tuple c is a non-singular choice of coefficients for k and d when the system
of equations (1.10) has non-singular real and p-adic solutions, for every prime
number p.

Theorem 1.6. Suppose that s, k and d are natural numbers with k > 2 and
s =2 2r(k+1)+ 1. Suppose further that c € (Z\ {0})® is a non-singular choice
of coefficients for k and d. Then there ezist positive constants 9 = 9(s, k,d; c)
and v = v(k,d) such that

Ns,k,d(X) — @Xsd—L + O(XSd_L_V).

In particular, one finds that whenever s > 2r(k+1)+1 and appropriate local
solubility conditions are met, then the hypersurface defined by (1.9) contains
an abundance of rational linear spaces of projective dimension d—1. A perusal
of [9] reveals that, for sufficiently large values of k, a similar conclusion is
asserted by Theorem 1.4 of the latter source, subject instead to the more
stringent condition

s > rk(3logr + logk + 2loglog k + 4d + 8).

We remark that the lower bound s > 2r(k + 1) + 1 in Theorem 1.6 should be
susceptible to some small improvement by adapting the methods of [20] to the
present multidimensional setting. Moreover, when the degree k is very small,
an approach of the first author [10] motivated by a method of Hua proves
superior in some situations.
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Further applications within the orbit of our methods and bounds include
the generalised Waring problem of representing a given polynomial

Oty ... 1) € Z[t]

in the form
S

cb(t) = Z(l’ljtl + ...+ Idjtd>k,
j=1
and also results concerning the number of integral solutions of Diophantine
inequalities modulo 1. We refer the reader to [2| for a discussion of some
such problems, and leave to the reader the satisfaction of incorporating our
new bounds into the established methods so as to make similarly striking
improvements over the previous state of knowledge.

As a final application of our new bounds for multidimensional Weyl sums,
we announce an application in additive combinatorics based on the second
author’s recent work [11] on translation invariant systems of equations devoid
of solutions in multidimensional sets. In Theorem 11.3 below we present a
conclusion more general than the one we presently record in Theorem 1.7. For
the purpose at hand, we describe the integral s-tuple ¢ as an extended non-
singular choice of coefficients for k and d when (i) one has ¢; + ...+ ¢ =0,
and (ii) the system of equations

ayl+...+eyl=0 (1<[i| <k) (1.11)

has non-singular real and p-adic solutions, for every prime number p.

Certain solutions of the system (1.11) are atypically simple to obtain, such
as the trivial solutions lying on the diagonal y; =y, = ... = y,. We formalise
this notion by distinguishing two types of special solutions y of (1.11). We
describe ¥ as projected when there is a translate of a proper subspace of Q%
that contains all of yy,...,y,. The aforementioned diagonal solutions are
therefore projected, since they lie in a translate of the trivial subspace {0} of
Q<. Also, we say that ¥ is a subset-sum solution when there exists a partition
{1,2,...,s} = _#1U...U_#, into | > 2 disjoint non-empty sets _Z,, such that
for 1 < v <[ one has

Y eyi=0 (1< <k).
’U,G/’u

In the special case in which

Z =0 (I1<v<l),

ue 7y
one sees that there are trivial subset-sum solutions in which y, = y,, whenever
uve fyandwe 7, (1<v<I).

Theorem 1.7. Suppose that s, k and d are natural numbers with k > 2 and
s = 2r(k+ 1)+ 1. Suppose further that ¢ € (Z\ {0})® is an extended non-
singular choice of coefficients for k and d, so that ¢ + ...+ cs = 0. Let of
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be a subset of Z¢ N [1, N]¢, and suppose that the only solutions of the system
(1.11) from </ are either projected or subset-sum solutions. Then one has

card(«/) < N¢(loglog N)~1/(=1),

This theorem is a higher dimensional cousin of [11, Theorem 5.1], which
supplies an analogous conclusion for a case involving binary forms. Theorem
1.7 shows that when card(%/) grows more rapidly than N%(loglog N)~/ (=1,
then the system (1.11) contains solutions from ¢/ besides such obvious ones
as the diagonal solutions with y; = ... = y,. As we see in §3, the extended
system (1.11) contains more general special subvarieties defined by means of a
projection process, the simplest of which set one or more variables to be zero.
In Theorem 11.3 we present a conclusion that refines Theorem 1.7 in which,
under the same hypotheses concerning the cardinality of <7, one finds that
the system (1.11) contains solutions from .7 which avoid all of these special
subvarieties. In this way, one may legitimately describe the solutions of (1.11)
thus shown to exist as honestly non-trivial. The interested reader will find the
necessary ideas in earlier work [11] of the second author.

It may be useful to provide an informal sketch hinting at the argument un-
derlying the proof of Theorem 1.1 so that the reader is better prepared to
draw parallels with previous approaches. A more comprehensively illuminated
sketch of this argument in the case d = 1 may be found in [21, §2]. In common
with the previous approaches of [2] and [9], the basic tool employed in our
proof of Theorem 1.1 is a (so-called) p-adic iteration mirroring the one devised
by Linnik [6] in the classical setting with d = 1. Thus, we begin by artifi-
cially introducing a congruence condition, modulo a suitable prime p, amongst
the bulk of the variables underlying the mean value (1.5). An application of
Holder’s inequality leads to a new mean value in which the latter variables
lie in common congruence classes across blocks. At this point, the multiple
translation invariance of the system (1.1) may be utilised so as to pass to the
zero congruence class, and thereby a congruence condition is forced on a subset
of the variables of greater strength than that previously introduced. The ap-
proach of [2] is to choose the prime p in such a way that this strong congruence
condition forces a diagonal condition amongst blocks of variables, and thereby
one is able to bound a mean value involving 2(s + r) blocks of d variables in
terms of a corresponding mean value involving 2s blocks of d variables. In [9]
the strong congruence condition is interpreted as a differencing process analo-
gous to, though more efficient than, that of Weyl. By appropriate use of the
Cauchy-Schwarz inequalities, one is able to repeat this efficient differencing
process, deferring the moment at which to force the diagonal condition. In
the present paper, following [21], we instead interpret the strong congruence
condition as an efficient method of imposing a second artificial congruence
condition amongst variables. By appropriate application of Holder’s inequal-
ity, one recovers a new mean value resembling that obtained in the first step,
but now yielding a fresh congruence condition amongst variables significantly
stronger than before. If one begins with a mean value significantly larger in
size than anticipated, then repeated application of this efficient congruencing
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procedure yields a related mean value larger in size than that anticipated by an
amount so large that even a trivial estimate demonstrates the presumed initial
deviation from the expected size to be untenable. In this way, one shows that
the mean value under consideration has size very close to that expected.

We finish by emphasising that the methods of this paper are robust to
changes of the ambient ring. Thus the rational integers Z central to this paper
may be replaced with the ring of integers from a number field, or the polynomial
ring F,[¢], without diminishing the strength of the ensuing estimates. Such
ideas have been explored very recently in the case d = 1 in work emerging
from the body of research exploiting the efficient congruencing method (see [7]
and [23]).

In §2 we introduce the general translation-dilation invariant systems which
constitute the central objects of attention in this paper. Then, in §3, we discuss
the lower bounds recorded in Theorem 1.2. The notation and infrastructure
required for our most general conclusions is discussed in §4, and then in §5 we
derive the basic mean value estimates which initiate our efficient congruencing
argument. Next, in §6, we provide estimates for the number of solutions of
a system of basic congruences. Here, the singular locus of the system is of
particular concern. The conditioning process, required to guarantee appropri-
ate non-singularity conditions, is engineered in §7, and in §8 we discuss the
efficient congruencing process itself. In §9 we combine the output of §§7 and 8
so as to deliver Theorem 1.1 via an iterative process. Consequences for Weyl-
type estimates are discussed in §10, yielding the conclusion of Theorem 1.3.
Finally, in §11 we sketch the arguments required to establish the Diophantine
consequences recorded in Theorems 1.4-1.7.

2. TRANSLATION-DILATION INVARIANT SYSTEMS

In order to describe our most general conclusions, we must introduce some
notation having flexibility sufficient for our needs. An overly prescriptive ap-
proach has the potential to shroud the details of our arguments in a thick
blanket of impenetrable symbols. With this undesirable potential outcome in
mind, we opt for a somewhat abstract approach, and only later do we spend
time detailing the most interesting situations.

Let r, s and d be natural numbers, and consider a system of homogeneous
polynomials F = (F,..., F,), where F;(z) € Z[z1,...,2zq] (1 < j < r). We
investigate the system of Diophantine equations

S

S (F(x,) - F(y,) =0, (2.1)

i=1

in which x; = (zj1,...,24) and y; = (yi1,...,¥q) for 1 < ¢ < s. Note
that, in view of our conventions concerning vector notation, the system (2.1)
consists of  simultaneous Diophantine equations. Write X = (x1,...,X;) and
¥ = (¥1,--.,¥s), and denote by Js(X;F) the number of integral solutions of
the system (2.1) with 1 < X,y < X.
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In this paper we are concerned with translation-dilation invariant systems
of the shape (2.1). With the discussion to come in mind, we take a pragmatic
approach to defining such systems. We say that the system F = (F},...  F,)
is translation-dilation invariant if:

(i) the polynomials Fi, ..., F, are each homogeneous of positive degree, and
(ii) there exist polynomials

e € L&, .. 6] (1<j<rand0<I<j),

with ¢;; = 1 for 1 < j < r, having the property that whenever § € 74, then

Fy(x+€) = cp(€) + ) el R(x) (1<j<r). (2.2)

Extend the definition of the coefficients ¢;; by putting ¢;;(§) = 0 when [ > j.
Then on writing ¢o(§) = (¢jo(€))1<j<r and C(&) for the matrix (¢;i(€))1<ji<rs
we see that the relations (2.2) are summarised by the formula

F(x + &) = C(§)F(x) + co(§). (2.3)
Notice that the matrix C(§) is lower unitriangular, which is to say that it
is a lower triangular matrix whose main diagonal entries are all 1. Suppose
that s is a natural number, that \ is a non-zero rational number, and & € Z<.
Then we see from (2.2) that the Diophantine system (2.1) possesses an integral
solution x,y if and only if one has
S
D (FOx +€) —F(y: +€)) = 0. (2.4)
i=1
This observation justifies the description of such systems of equations as trans-
lation-dilation invariant. We should note that while this formal definition fa-
cilitates many of our arguments, it is clear that one may rearrange the ordering
of the forms, and also consider independent linear combinations of the original
forms, without altering the number of integral solutions of the system (2.1)
counted by Jy(X;F). Thus we may be expedient in most circumstances, and
instead describe a system as translation-dilation invariant when it is equivalent
in such a manner to some new system which is translation-dilation invariant
in the strict sense.
We emphasise that translation-dilation invariant systems are easily gener-
ated. Given a collection of homogeneous polynomials

Gi,...,Gy € Z[zl,...,zd],
consider the set .% consisting of all the partial derivatives
8ll+...+lde(Z)
024,02l

with {; > 0 (1 <4 < d). Plainly, when [; + ... + [ exceeds the largest total
degree of any of the polynomials Gj, this partial derivative vanishes. The
set . is consequently finite. Let .%#; denote the subset of .# consisting of
all polynomials in .# having positive degree. We write %y = {F1,..., F,},

(1<j<h), (2.5)
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labelling the elements in such a way that deg F; < degFy, < ... < deg k..
An application of the multidimensional version of Taylor’s theorem now shows
that the relations (2.2) hold for some choice of coefficients ¢;;(§) € Z[¢, . . ., &)
satisfying ¢;;(€§) =1 (1 < j < r). Since we may replace the set of forms .%; by
any subset whose span contains the polynomials F}, ..., F}, there is no loss of
generality in supposing the set {F71,..., F,.} to be linearly independent. Such
a system of forms we call reduced.

Finally, by replacing the forms Fi, ..., F,. by appropriate linear combinations
of the original forms, we find that there is no loss of generality also in supposing
that the matrix C'(§) with entries ¢;(§) is lower unitriangular. This new system
F = (Fy,..., F,), generated from the partial derivatives (2.5), is a reduced
translation-dilation invariant system.

We are now almost equipped to state our main theorem, but first pause
to introduce some parameters associated with a translation-dilation invariant
system of polynomials F. When F = (F},..., F,) consists of polynomials
F;(z) € Z[#, ..., z4|, we refer to the number of variables d = d(F) in F as
the dimension of the system. In addition, we describe the number of forms
r = r(F) comprising F as the rank of the system. We write k; = k;(F) for the
total degree of the polynomial Fj, and then define the degree k = k(F') of the
system F by

k(F) = max k;(F),

1<j<r

and the weight K = K(F) by

Our goal in §§4-9 is the proof of the following mean value estimate, which
represents the main theorem of this paper.

Theorem 2.1. Let F be a reduced translation-dilation invariant system of
polynomials having dimension d, rank r, degree k and weight K. Suppose that

s is a natural number with s > r(k + 1). Then for each ¢ > 0, one has
JS(X,F) < X2sd7K+€'

So far as we are aware, no mean value estimate available in the literature has
generality to compete with Theorem 2.1. Moreover, when d > 2 the estimates
available hitherto are considerably weaker, even in the special situations in
which they are applicable. In order to illustrate the ease with which estimates
may be extracted from Theorem 2.1, we finish this section with a brief discus-
sion of some simple cases, and in particular we show how to establish Theorem
1.1 as a consequence of Theorem 2.1.

(a) The classical system of Vinogradov [16], [17]. Consider the seed polynomial
2% (k > 1). By taking successive derivatives, we find that an associated reduced
translation-dilation invariant system of polynomials is F = (2%, 2871 ... 2).
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This system has dimension 1, rank £, degree k and weight
K=Y j=3k(k+1).

Then it follows from Theorem 2.1 that when s > k(k + 1), one has
Jo(X;F) < XZmahktbte

This estimate recovers the main conclusion of the third author’s recent work
introducing the efficient congruencing method to Vinogradov’s mean value
theorem (see [21, Theorem 1.1]). We note that subsequent work of the third
author leads to the improved constraint s > k? — 1 on the number of variables
in this conclusion (see [22, Theorem 1.1]).

(b) The system of Parsell [9]. Consider the situation with d > 2 and seed
polynomials 222 ... 2% (]I = k). By taking successive partial derivatives,
we find that an associated reduced translation-dilation invariant system of
polynomials is

F= (22, 2 1< i| <k).

This system has dimension d, rank

degree k and weight

K=>"1 1:Zl<l+cj_l>:dil(r+l)k' (2.7)

=1 [i|=l =1

In this instance, it follows from Theorem 2.1 that when s > r(k + 1), one has
Jo(X;F) < X%¢7EK+e In view of (1.2) and (1.3), this completes the proof of
Theorem 1.1.

(c) The system of Arkhipov, Karatsuba and Chubarikov [2]. Consider the sit-
uation with d > 2 and [ > 1 and the seed polynomial 22} ... 2}, By taking
successive partial derivatives, we find that an associated reduced translation-

dilation invariant system of polynomials is
F=(2"22...24:0<i<l, i#0). (2.8)

This system has dimension d, rank

r=>"1=Y ... 1-1=(+1)7-1, (2.9)

o<igl 0<ir <! 0<ig<l

i£0
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degree dl, and weight

E=>"lil= Y ... > (h+...+i)

0<i<! 0<ir <l 0<ig<l
—a Y Y
0<ii <l 0<ig<l
=d(l+ D)% 41+ 1) = di(l+ 1)~ (2.10)
In this instance, Theorem 2.1 delivers a conclusion important enough to sum-
marise as a corollary.

Corollary 2.2. Let d and | be natural numbers, and let F be the reduced
translation-dilation invariant system given by (2.8). Suppose that s is a natural
number with s > (dl + 1)((I + 1) — 1). Then for each ¢ > 0, one has

Jo(X;F) <« XPAHe,
where K = 1di(1 + 1)%.
A conclusion similar to that provided by Corollary 2.2, but with the condi-
tion s > (dl + 1)((1 + 1)¢ — 1) replaced by
s> Cdl(l + 1) log(dl(l + 1)%),

for a suitable positive constant C, may be extracted from [2, Theorem 1 of
Chapter II1.1]. The superiority of our new bound is self-evident.

(d) Simple binary systems. A system of relevance to recent work in quantitative
arithmetic geometry (see [14, §4.15],[15]) deserves to be singled out for special

attention. Consider the situation with k; > ky > 1 and the seed polynomial
k1 ks

21" z5°. By taking successive partial derivatives, we find that an associated
reduced translation-dilation invariant system of polynomials is
F = (212 :0<i; <k, 0<idg < ky and (iy,49) # (0,0)). (2.11)
This system has dimension 2, rank
r= Y > 1-1=(k+1)(k+1) -1,
0<i1 <k 0<ia<ko
degree ki + ko, and weight

K= Y Y (i+i)

0<i1 <ki 0<ia<hks
=(k1+1)- %kz(kz + 1)+ (ko + 1) - %/ﬁ(/ﬁ +1)
= (k1 + ko) (k1 + 1) (ks + 1).
By applying Theorem 2.1, we obtain the following corollary.

Corollary 2.3. Let k1, ks € N, and let F be the reduced translation-dilation
invariant system given by (2.11). Suppose that s is a natural number with
s = (kiko + k1 + k2) (k1 + k2 + 1). Then for each € > 0, one has

Jo(X;F) < Xtom i,
where K = L(ky + ko) (k1 + 1) (ks + 1).
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(e) The binary systems of Prendiville [11]. Consider the situation with k& > 1
and the seed polynomial given by the binary form ®(zy, 25) € Z[z1, 2] of degree
k. In this instance, we extract the partial derivatives

ailJriZq)(Zl, 22)

021102

and restrict attention to any subset which spans the set of all partial derivatives
of positive degree, yet is linearly independent over Q. We take the polynomials
in this spanning set to be our reduced translation-dilation invariant system F.
The number of partial derivatives with 4; + 4y = [ is plainly [ + 1, while the
number of monomials z{'2J* with j; + j2 = m is m + 1. Thus we see that this
system has dimension d = 2, rank

(i1 20, i 2 0),

[k/2] k—[k/2]—1
r<Y (D) + Y (m+1) < Lk + 4),
=0 m=1

degree k and weight

[k/2] k—[k/2]-1
K<) (k=D+1)+ > mm+1)<tk(k+2)
=0 m=1

In typical situations, indeed, one has K ~ %k?’. By applying Theorem 2.1, we
deduce that when s > 1k(k + 1)(k + 4), one has J,(X;F) < X*~ 5+ This
conclusion may be compared with the mean value estimate underlying [11,
Theorem 1.3], which delivers a similar conclusion for s > (2 + o(1))k*log k.
The constraint on s imposed in our present work is therefore stronger by a
factor (2 + o(1)) log k.

3. LOWER BOUNDS

In order to put into perspective the upper bounds recorded in Theorem 2.1,
and such corollaries as Theorem 1.1, we consider in this section the topic of
lower bounds for the mean value J(X;F). Here one must consider integral
solutions to the system of equations (2.1) of two types. On the one hand, there
are typical solutions whose contribution to Js(X; F) we expect to be given by
a product of local densities. On the other hand, there are integral solutions
lying on special subvarieties, the most obvious of which are diagonal linear
spaces such as that given by x; = y; (1 < ¢ < s). It transpires that when
d > 1, there are special subvarieties not of the latter type which potentially
make the dominant contribution to Js(X;F). In order to describe the latter
subvarieties, we must introduce some further notation.

Let r and d be natural numbers, and consider a system of translation-dilation
invariant polynomials F = (Fi, ..., F,), where F;(z) € Z[z,...,24] (1 < j <
r). Let ¢ be a natural number with 1 < 0 < d — 1, and consider indices i
(1 <1<9) satisfying

1< <ig<...<i5<d. (3.1)
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We say that the system of polynomials G = (Gy,...,G,), where G;(w) €
Zlwy, ..., ws] (1 < j < r),is the orthogonal projection of F determined by i
when
Gj(w) =F;(¢) (1<j<r),

in which (,, = w; when m = 4; for some index [ with 1 <[ < J, and (,, =0
when m & {iy,...,is}. The system G remains translation-dilation invariant,
and may be replaced by an equivalent reduced system G’. We describe G’ as
a reduced orthogonal projection of F determined by i. Finally, write 75(F) for
the set of all reduced orthogonal projections of F determined by sets of indices
{i1,...,1s} satisfying (3.1). We remark that these orthogonal projections are
in fact a special case of the more general projections introduced in the preamble
to Theorem 1.7. In this section we consider only the former projections, since
they are simpler to analyse and in any case deliver all of the salient features
of importance for our discussion of lower bounds.

In order to facilitate our subsequent discussion, we define the polynomial

Y(z; ) = ¥(z; a; F) by putting
Y(x;o; F) ZozZ i (3.2)

and then define the associated exponential sum f(a) = f(a; X;F) by
flas X;F) = > e(d(x; e F)). (33)
1<x<X

By orthogonality, we then have
JAXF) = (0 X F) P da (3.4)
We are now equipped to describe our most general lower bound for the mean
value J4(X; F).

Theorem 3.1. Let F be a reduced translation-dilation invariant system of
polynomials having dimension d and weight K. Then for each natural number
s, one has

d—1
Jo(X;F) > Xod 4 X2-K LN " xd=0 max  J(X:G).
() DX e (X G)

Proof. We consider first typical solutions of the system (2.1) not constrained
to lie on special subvarieties. Suppose that F has rank r, and write k; for the
degree of Fj for 1 < j < r. There exists a positive number A, depending at
most on d, k and the coefficients of F, such that whenever 1 < x < X, one has

|Fi(x)] < AXM (1<j <)
Consequently, when 1 < X,y < X, one sees that for 1 < 7 < r the integer

Z Xl Yl))

=1
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lies in the interval [—2sAX% 2sAX*]. We therefore deduce by means of
orthogonality in combination with the triangle inequality and (3.4) that

[X]2Sd — Z ‘f(a7 X7 F>|286<—Oé1h1 — ... Ofrrhr> da
|hj|<2sAX"i
(1<j<r)
< < 11 ij) ]{ |f(e; X;F)* da = X* J(X; F).
1<jsr

Thus we conclude that
Jo(X;F) > X#I-K, (3.5)

Next, by considering the diagonal solutions of (2.1) with 1 < X,y < X and
x; =y, (1 <j < s), we obtain the lower bound

J(X;F) > X (3.6)

We now come to consider the solutions of the system (2.1) lying on certain
additional special subvarieties. We assert that when G is a reduced translation-
dilation invariant system with dimension e > 2, then for every system H lying
in m._1(G), one has

Js(X;G) > XJ(X;H). (3.7)
In view of (3.5) and (3.6), the lower bound claimed in the statement of Theorem
3.1 then follows by induction.

Let G = (Gy,...,G,) be a reduced translation-dilation invariant system of
dimension e > 1, and consider a system H € 7,_;(G). The system H is the
orthogonal projection of G determined by some (e —1)-tuple i = (iy,...,%._1).
By relabelling variables, if necessary, we may suppose that i = (1,2,...,e—1).
Consider now the system of equations

Y (G(xi) - G(y:) = 0. (3.8)
i=1
Let a be an integer with 1 < a < X, set a = (0,...,0,a), and consider the
effect of the translation (x;,y;) — (x; —a,y; —a). In view of the translation
invariance of the system (3.8) that is a consequence of the discussion leading
to (2.4), one finds that whenever the system of equations
> (G(xi—a) — G(y; —a)) =0 (3.9)
i=1
is satisfied, then so too is the system (3.8). If we substitute z;e = y;e = a (1 <
i < s), then we find that G(x; — a) = H(x;), where H is the aforementioned
orthogonal projection of G determined by (1,2,...,e —1). Write H’ for any
reduced system equivalent to H. Then we conclude that whenever z, w is a
solution of the system
> (H'(z) — H(w;)) =0,

=1
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then the system (3.9) has the solution

x; = (z;,a) and y; = (w;a) (1<i<s).
The latter is also a solution of (3.8), and hence

L(X;G) > Y LOGH) = > J(XH) = [X]J(X; H).
1<a<X 1<a<X

This confirms the lower bound (3.7), and in view of our earlier discussion the
proof of the theorem is complete. O

We turn now to discuss lower bounds for J5(X; F) for the most basic exam-
ples of reduced translation-dilation invariant systems F'.

(a) The classical system of Vinogradov. We recall the system
F= (2" ... 2)

of dimension 1, rank k, degree k£ and weight %k‘(k‘ + 1). In this situation, the
conclusion of Theorem 3.1 delivers the familiar lower bound

Jo(X;F) > X 4 X2 sk,

(b) The system of Parsell. We next return to the situation with d > 2 and the
system Fy = (21'25* ... 27 : 1 < |i] < k). On writing

Kg:il(“‘i_l), (3.10)

1=1
we see that this system has weight K, and it follows from Theorem 3.1 that
d—1

J(X;Fg) > X X2 Ka 1 N " X0 ] (X Fy)
6=1

d
> Xsd + ZXd_5(X286_K6 —|—XS6).
5=1
We therefore conclude that
d
J(X;Fg) > X044y " X @omlrrd=,
j=1
and this establishes Theorem 1.2.

Let us consider the strength of the upper bound presented in Theorem 1.1
in the light of the lower bound just established. Define r and K as in (2.6)
and (2.7). When s is large enough, we expect that J,(X;Fq) < X% K and
indeed this estimate is a consequence of Theorem 1.5 when s > r(k + 1) + 1.
We show here that this lower bound on s cannot be relaxed substantially when
k is large in terms of d.
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Theorem 3.2. Suppose that s, k and d are natural numbers, and that v is a
real number with 2d/k < v < 1. Then there is a positive number n = n(d, k)
such that, whenever

s < (1—v)r(k+1), (3.11)

2d + 2
one has Jyp a(X) > X250 K+n,

Proof. Recall the notation introduced in (3.10), and consider a natural number

s satisfying (3.11). We observe that as a consequence of Theorem 1.2, one has

Jok d(X) X23(d71)+17Kd71
X 2sd—Kq X 2sd—Kq

= XHa—Ka-1H1=2s (3.12)

From equations (1.2) and (1.3), one has

dk (k+d\  d
K. <+ ): (r+ 1k

Td+1\ d d+1
and A=k (k+d—1\ d—1
— + — —
Ky q1=——"— = k.
o d ( d—1 ) Fral Y
Consequently, one finds that
d—1
K,— K4 1—2s5> Lk — 1 1
d d—1 T+ S d+1(7’+ )k’ k—l—d<r+ )]f+
d
- (1- 1
(=)
d d*>—1
= Dkl — ——+ — (1 — 1+1/k)).
T Dk Tra ~ s /R))
Then provided that v > 2d/k, one may infer that

d 2d—1  d 1
Ky— Ky +1—2 1)k - 0.
1= Kaa+1=2s> 2= (r+1) (7% k+d+d(l~c+d)>>

One concludes therefore that there exists a positive number 7 such that
Js,k,d<X) > X2$d—Kd+77.
This completes the proof of the theorem. O

Recall that Theorem 1.1 asserts that J, . 4(X) < X*4-Kate whenever s >
r(k+1). Consequently, for any positive number v < 1, it follows from Theorem
3.2 that when £ is large enough in terms of v and d, such a conclusion is
impossible if the constraint on s is replaced by

d
2d + 2
Thus, the conclusion of Theorem 1.1 is at worst a factor of essentially 2 +2/d
away from the best possible conclusion of its type.
When d is large and k is small the situation changes. Here, whenever

5 S 2(k;]i d) (dj— 1)(” Dk,

sz

(1 —=v)r(k+1).
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we find that

(r—l—l)k(l— -1 r >>0.

Ky— Ky oy 4+1—2 -
¢ Ra e es > dk+d)  k+d

d
d+1
When d is large enough in terms of k, one finds that

k d k2
Dk = 1
20k 1 d) () b+ Dk =+ 1)(

—— (1 4+ O(k/d)).

St s a) 1+ Ok/d)

Thus, when v > 0 is small enough in terms of d and k, the lower bound
Jora(X) > X?99=Katn holds for a positive number 7 provided that

(1—v)k?

s < mr(k +1).

In this situation, the conclusion of Theorem 1.1 is at worst a factor of essentially
2(1+4 1/k)d/k away from the best possible conclusion of its type.

(¢) The system of Arkhipov, Karatsuba and Chubarikov. Here we consider the
situation with d > 2 and [ > 1 in which F is given by (2.8). On recalling
(2.10), the weight of such a system with dimension d is Ky = 1di(l + 1)%,
whilst the corresponding weight of such a system with dimension d — 1 is
Kq1 = 3(d—1)I(I14+1)%". As in the argument leading to (3.12), an application
of Theorem 3.1 in this instance delivers the lower bound

Js(X; F)

Kqg—Kg_1+1-2
X2Sd—Kd >>X ’ ot s'

From (2.10) one finds when
s<id(+1)1—-(1-1/d)(1+1)7")
one has
Ki—Kgi+1-2s>1+3di(l+1)*%1—(1-1/d)(+1)"")—2s>0.
Observe that

_ 1+ 0(1/(dl))
Il + 1)1 - (1 -1/d) (I + 1)) = —— 2 dl+ 1) ((1+ 1) = 1).
L (L= (= 1)1+ 1)) = P (1) =)

Thus, when v > 0 is small enough in terms of d and [, one finds that the lower

bound J,(X; F) > X?24=K+1 holds for a positive number 7 provided that

(1-v) d
<——=d+1)(({+1)*=1).

In this situation, the conclusion of Corollary 2.2 is at worst a factor of essen-

tially 4(1 4 1/1) away from the best possible conclusion of its type. By way of

comparison, the work of Arkhipov, Karatsuba and Chubarikov [2] would miss

the best possible conclusion by a factor of order dlogl.
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4. PRELIMINARY MANOEUVRES

Our purpose in this section is to describe further notation and establish such
preliminary estimates as are required to initiate the efficient congruencing pro-
cedure, with the ultimate objective of proving Theorem 2.1. With this aim in
mind, let F be a reduced translation-dilation invariant system of polynomials
having dimension d, rank r, degree k and weight K. Since the conclusion of
Theorem 2.1 follows from linear algebra when k£ = 1, there is no loss of general-
ity in supposing that & > 2. We consider the system F to be fixed throughout,
and consequently suppress mention of F by abbreviating J,(X;F) to Js(X),
with similar conventions in other notation as appropriate. We recall the nota-
tion introduced in (3.2) and (3.3), and note the consequence of orthogonality
recorded in (3.4).

Our argument involves the investigation of systems of congruences, the sin-
gular solutions of which must be isolated for special treatment. We pause
at this point to introduce a special Jacobian determinant that facilitates this

treatment. First, given a polynomial G(z) € Z[z, ..., 24], we write 0;G to
denote the partial derivative of G with respect to the ith variable, so that
oG
a’LG(Z) = aZZ (Zh crey Zd)’
We now consider a function o : {1,...,r} — {1,...,d}, and define the associ-
ated Jacobian determinant A,.(X;0) = A(xy,...,X,;0) by
A(xy,...,x,;0) = det (Gg(i)ﬂ-(xi))l@’j@ . (4.1)

We seek a choice for ¢ having the property that A, (X; o) is not identically
zero as a polynomial in X. With this goal in mind, we consider the monomials
occurring in F and A,(X;0), and introduce an ordering on the exponents
associated with these monomials in order to ease discussion. When ¢ is a
natural number, and a,b € (NU {0})?, we say that a is less than b in colex
order when there exists an index ¢ with 1 < ¢ < ¢ such that a; < b;, and
further a; = b; for j > 7. In such a situation, we write a < b, and we
write a < b when a = b or a < b. Next, given a € (NU {0})", we write
x? for the monomial z{'z5*...z{". The monomials x* may now be ordered
according to the colexicographical order of their indices. Notice that when x; =
(i1, ..., iq), then the monomial x§' ... x% has smaller degree than x{* ... xdr
in colex if and only if there exists an index ¢ for which ¢; < d;, and further

Cj:dj fOI'j>Z
Lemma 4.1. There ezists a function o : {1,...,r} — {1,...,d} such that

A, (X;0) is non-zero as a polynomial in Xy, . .., X;.

Proof. We begin by interpreting the polynomials Fj(z) in terms of the colex
ordering of monomials. Recall that k = maxdeg(F}). Write

1<y<r

o ={ac (NU{OH :1<a;+...+aq <k},
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so that the polynomials Fj(z) are necessarily linear combinations of the mono-
mials z* with a € /. We put A = card(«/), and label indices in such a
manner that

of = {al,...,aA},
with a; < as < ... < ay the colex ordering of the elements of /. Thus, for
1 < j < r, there exists an integral A-tuple c;, which we consider as a row
vector, having the property that

F

W(z) =cj- (22, ...,22)".
Since Fi, ..., F, are linearly independent, the matrix
¢ = (c;)

must have full rank, and hence there exists an invertible r x r matrix .# with
rational coefficients having the property that the product #Z = .#%€ is a full
rank matrix in inverted reduced row-echelon form. By the latter we mean that
if # is the matrix

1<g<r

(/)z,m) 1<ISr
1<m<A

then the corresponding matrix

(Pr+1—z,A+1—m) 1<I<r
1<m<A

is in conventional reduced row echelon form. We define the r-tuple of polyno-
mials (G, ...,G,) by putting
(Gla- . .,GT)T = %(Flw .. ,FT)T = %%(Zal,. .. ,ZaA)T
= R(z™,..., 22" (4.2)

Let z® denote the leading monomial of G,(z) in colex, for 1 < j < r. Since
Z is in inverted reduced row echelon form, we have

b; <by < ... < b,. (4.3)

We now define the function o : {1,...,7} — {1,...,d} as follows. When
1 < i < r, we take (i) to be the smallest index h with the property that
bin, > 0.

It remains to verify that with the choice of the function ¢ just made, the
polynomial A, (X; o) is non-zero. Let e; denote the d-dimensional vector whose
ith coordinate is equal to 1, all of whose remaining coordinates are 0. When
1 < n < r, define the Jacobian determinant D, (X;0) = D(xy,...,X,;0) by

D(x1, ..., Xp;0) = det(9o(i) G (X)) 1<i j<n-

We proceed by induction to show that for 1 < n < r, the determinant D, (X; o)
may be expanded in the shape

D,(%:0) = DY (% 0) + DO(X; 0), (4.4)
where .
DO (% 0) = [ broiyx;” =, (4.5)
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and DY (X;0) is of smaller degree in colex than DS)(K; o). Notice that the
definition of o implies that by ;(1)...bnom) # 0. Then having established the
inductive hypothesis for n = r, it follows that D,.(X; o) contains the monomial
- bj—es(j)

H X, J J

j=1
with a non-zero coefficient, and hence D,.(X; o) must be a non-zero polynomial.
In this way, the proof of the inductive hypothesis will facilitate the proof of
the lemma.

When n = 1, we have D,(X;0) = 0,1)G1(x1), and hence it follows at once
that (4.4) holds with

D( )(X o) = bro Xbl—ea(n

for some polynomial D§ )(i; o) of degree smaller in colex than x1 ~%M  Thus
the inductive hypothesis holds with n = 1.

Suppose next that the inductive hypothesis has been established already for
1 <n <u. When 1 <1,j < u, define the polynomials ¢;; by putting

0. bu,g(u)xﬁ“_e““), when i = j = u,
"o, when (i, ) # (u, ).
Then the determinant D, (X; o) has the expansion
Du(i, O') = GuuDu_l(i, O') + det(aa(i)Gj (Xl) — 9ij>1<i,j<u-

On making use of the inductive hypothesis with n = u — 1 in order to expand
D, 1(X;0), we deduce that

Dl 0) = 6u( D18 0) + D21 (%)) + det (001 G (%1) = i<
= DM(x;0) + DV (X; 0), (46)
where
D (%;0) = b’ D (% 0) + det(Dpy Gy (xi) — Oij)1<igeu- (A7)

Every term on the right hand side of (4.7) may be expanded as a linear com-
bination of terms of the shape

X?ﬁe"(l) .. .qu:re"(“), (4.8)
in which for some permutation 7 : {1,...,u} — {1,...,u}, there exist d-

tuples b}, ..., bl with (b},...,b]) < (by,...,by) and b; < b; (1 < < u),
and having the property that
(h17 s 7hu) = (b;r(l)ﬂ st 7b;r(u))
Moreover, in the event that 7 is the identity permutation, then one has
(b},...,bl,) < (by,...,by).
If 7 is the identity permutation, then

(hy,....h,) = (b),...,b.) < (by,...,by).
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Since the (strict) colex ordering between tuples is not reversed on component-
wise addition, a modicum of thought confirms that

(h1 — €5(1)s- - - h, — eg(u)) < (b1 — €5(1)5 - - - ,bu — eo(u)). (49)

Unfortunately, our notation is somewhat opaque, and so it may be worth-
while to spell out the details underlying this deduction. Since (hy,...,h,) <
(by,...,b,), there exists an index [ with the property that h; < by, and fur-
ther h; = b; for j > [. But then there exists an index m = m(l) with the
property that Ay, < by, and further hy; = by; for j > m. On recalling that
the definition of the function ¢ implies that b; = 0 for j < o(l), we deduce
that m(l) > o(l). Thus we find that h; — e,q) < b; — e,¢), and further that
h; —e, ;) = b; —e,(; for j > I. We therefore conclude that (4.9) holds, as we
had previously asserted.

Suppose next that 7 is not the identity permutation, and let ¢ be maximal
with 7(i) # i. Then for j > i one has j = m(j), and hence
Since j = 7w (j) for j > 4, it follows that ¢ > 7(i), and hence from (4.3) we see
that
It follows that (hy,...,h,) < (by,...,b,), so that as above one finds that the
relation (4.9) holds also in the situation that 7 is not the identity permutation.
In view of (4.8), it follows that DY (X;0) is of smaller degree in colex than
the polynomial Df})(i; o) defined by means of (4.5). We therefore deduce
from (4.6) that the relation (4.4) holds with n = u, and with fo)(i; o) of

smaller degree in colex than D&l)(i; o). We have consequently established the

inductive hypothesis with n = u, and hence the inductive hypothesis holds for
1 < n < r. In particular, the determinant D, (X; o) is a non-zero polynomial.

We now reverse course in order to relate the non-vanishing of D, (X;0) to
the non-vanishing of A,.(X;0). For each [ with 1 <1 < d, it follows from (4.2)
that one has the identity

(0,Gy,...,0G) = HOF,... 60F)",
whence
(ao(i)Gj (Xi))ngi,jgr = %<acr(i)}?j(xi))?gingr-
Consequently, one has
D, (X;0) = (det 4 )\, (X; 0).

But the matrix .# is invertible, so that det.#Z # 0. Our conclusion that
D, (X;0) is a non-zero polynomial therefore forces us to conclude that A, (X; o)
is also a non-zero polynomial. This completes the proof of the lemma. OJ

Henceforth, we fix our choice of the function o : {1,...,7} — {1,...,d}
so that A,(X;0) is a non-zero polynomial, as permitted by the conclusion of
Lemma 4.1, and we write A,.(X) for A,.(X;0).
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We next turn to the task of introducing notation with which to describe
the mean values central to our methods, as well as exponents with which to
bound these mean values. We refer to the exponent A\; = A\;(F) as permissible
when, for each positive number ¢, and for any real number X sufficiently large
in terms of s, F and ¢, one has J,(X;F) < X*T. Define \* to be the
infimum of the set of exponents Ay permissible for s and F, and then put
Ns = A\ —2sd+ K. Thus, whenever X is sufficiently large in terms of s, F and
€, one has

Jo(X) < XNe (4.10)
where
A =2sd — K + 1. (4.11)
Note that, in view of the lower bound supplied by Theorem 3.1 and the trivial
estimate J,(X) < X% one has 0 < n, < K for s € N.

We take § to be a small positive number to be fixed shortly. Let u be a
natural number with v > k, put sg = wr, and fix a natural number s with
s > so. Our goal is to show that A}, = 2(s + r)d — K, whence 7, = 0.
From this and the definition of A}, it follows that there exists a sequence of
natural numbers (X,,)22 ,, tending to infinity, with the property that

n=17
Joer(Xa) > Xo " (n e N). (4.12)

In view of (4.10), when X, is sufficiently large and X,‘ff <Y < X,, we also
have the corresponding upper bound

Joir(Y) < YA, (4.13)

Notice that since s > sg, the trivial inequality |f(a; X)| < X9 leads to the
upper bound

Joir(X) < X2Homs02 f e X) P02 de = XX, (X),

It follows that one has 7,4, < 75,4+, and so we are free to restrict attention to
the special case s = sy. Finally, we take N to be a natural number sufficiently
large in terms of s and F. We then put

6 =N"12(r/s)N*2, (4.14)

and fix d to be a positive number with § < (Ns)™3¥ so that § is small compared
to . We now consider a fixed element X = X, of the sequence (X,,), which
we may assume to be sufficiently large in terms of s, F, N and ¢, and we put
M = X% Thus, in particular, one has X% < MYV,

Let p be a fixed prime number with M < p < 2M to be chosen in due course.
That such a prime exists is a consequence of the Prime Number Theorem.
Recall the notation introduced in (3.2). When c¢ is a non-negative integer, and
€€Z%and a € ]0,1)", define

€)= Y eld(xa)). (4.15)
1<x<X
x=€ (mod p°)
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We need to equip ourselves with exponential sums of a type related to that de-
fined in (4.15), but possessing inherently non-singular structure. We introduce
the notion of well-conditioned r-tuples (xi,...,%,) with x; € Z¢ (1 <i < r).
We denote by Z.(€) the set of r-tuples & = (§,,...,&,) € (Z%)", with

1< <p™ and € =€ (mod pf) (1<i<r),

and satisfying the property that A(&,,...,&,) Z 0 (mod pE—")+1) In addi-
tion, write ¥, = {1,—1}", and consider an element o of ¥,. Recalling the
definition (4.15), we then put

SHETIENDY ch+1 0ic; ;). (4.16)

£€_¢ )z 1

Next we introduce the two mean values that underly our arguments. When
a and b are non-negative integers, and o, T € X, we define

X560 = § 15 (@3l m) | dax (.17
and
K7 (Xi6om) = 157(0s €787 (cim)™| den (1.18)
We then define
I,p(X) = max max maxI%,(X;€mn), (4.19)

1<E<p? 1<77<pb ocy,

and
Kop(X) = max max max K7;"(X;§,m). (4.20)

1<€<p? 1<n<pb o, 7€8,

We stress that, although these mean values depend on our choice of p, this
dependence will shortly be rendered irrelevant when we fix our choice of p
once and for all. Consequently, we suppress mention of p in our notation.

Finally, following the simplifying notational device of [21, §3|, we define the
normalised magnitude of the mean values Jg,,(X) and K,;(X) as follows. We
define [[Js1-(X)]] by means of the relation

Jor(X) = XEERLT ()], (121)
and when 0 < a < b, we define [K,;(X)]] by means of the relation
Koap(X) = (X/ MR (X MO (X)) (4.22)
Note that in view of (4.11), the lower bound (4.12) implies that
i (X)) > X757, (4.23)
while the upper bound (4.13) ensures that whenever X P oy <X , then
[asr(Y)]) < Yo7, (4.24)
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5. AUXILIARY MEAN VALUES

We collect together in this section several mean value estimates that facili-
tate our subsequent analysis. We begin by exploiting the translation-dilation
invariance of the system F so as to bound an analogue of Jy(X) in which
variables are restricted to an arithmetic progression. This argument will be
familiar to those who work on such problems.

Lemma 5.1. Suppose that ¢ is a non-negative integer with c0 < 1. Then for
each natural number t, one has

max jf (o &) dax < Ji(X/MO). (5.1)
1<€<pe
Proof. Let € be an integral d-tuple with 1 < & < p°. By orthogonality, it
follows from (4.15) that the integral on the left hand side of (5.1) is bounded
above by the number of integral solutions of the system
t

D (F(y: +&) — F(p'z +€)) =0, (5.2)

i=1
with 0 < ¥,z < X/p°. The translation-dilation invariance of the system
F discussed in the context of (2.1) and (2.4) shows that ¥,z is an integral
solution of (5.2) if and only if

t
> (F(yi) —F(z)) = 0. (5.3)
i=1
But on recalling (3.3) and employing orthogonality again, we perceive that the
number of integral solutions of (5.3) with 0 < ¥,z < X/p° is equal to

7{ 1+ Fos X/ dor <, 1+ 74 flas X/p)* da.

Thus we obtain the upper bound

fﬁc(a;g)ﬁt da < 1+ J,(X/pF).

Since the condition ¢f < 1 ensures that X/M¢ > 1, a consideration of diagonal
solutions ensures that J;(X/M¢) > 1, and the conclusion of the lemma follows
on noting that J,(X/p) < J(X/M°). O

Singular solutions associated with the vanishing of A,(X) are difficult to
control, and so we prepare a lemma to bound their number. We first introduce
some additional notation. Let F be a field. We restrict attention to either
the field of rational numbers Q, or else the finite field of p elements F,. The
coefficients of A,.(X) embed into both of these fields. Suppose that &/ C F
is finite, and write A = card(%/). Let ¢ be a natural number. We denote by
(e F) the set of t-tuples (xy,...,%;) € (&9)! having the property that the
determinants A, (x;,, .. .,x;,) vanish for all -tuples (ji,...,j,) with 1 <j < ¢
Before announcing our main estimate for card(#(«7;F)), we first recall a
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familiar lemma bounding the number of zeros of polynomials in many variables
(see [18, Lemma 2|, for example).

Lemma 5.2. Let T € Flyy, ..., y.] be a non-trivial polynomial of total degree
k. Then the number of solutions of the equation Y (yy,...,y,) = 0 withy € </
is at most kAL

Proof. We proceed inductively. When v = 1, the desired conclusion is a con-
sequence of Lagrange’s theorem. Suppose then that the conclusion of the
lemma has been established for 1 < u < v, and let ¥ € Fly,...,y,] be
a non-trivial polynomial of total degree k. By relabelling variables if nec-
essary, we may suppose that ¥ is explicit in y,. Let the degree of W with
respect to y, be w, and let the coefficient of y* be ®(y1,...,vy,_1). Then ®
is a non-trivial polynomial in v — 1 variables of degree at most x — w. By
the inductive hypothesis, the number of solutions of ®(yi,...,y,—1) = 0 with
(Y1, Yo1) € G is at most (k — w)A?"2. Then the number of v-tuples
(y1,...,ys) € @V satisfying ®(yy,...,9,_1) = 0is at most (k —w)A*"1. Mean-
while, when ®(yy,...,y,—1) # 0 and V(y1,...,y,) = 0, then y, satisfies a
non-trivial polynomial of degree w determined by yi,...,y,_1. So there are
at most wA"~! solutions of ¥(y) = 0 with y € &% and ®(y1,...,9,_1) # 0.
We conclude that the total number of solutions of U(y) = 0 with y € /" is
at most (k — w)A"' + wA""! = KAY"! and hence the inductive hypothesis
follows for u = v. The desired conclusion therefore follows by induction. [

Lemma 5.3. Suppose that A,(X) is not identically zero as a polynomial in F.
Then
card (7 (o F)) < Ald-Dr=1,

Proof. The conclusion of the lemma is trivial when ¢t < r, so we may as-
sume that t > r. We define a sequence of non-zero polynomials Z;(X) =
Di(X1,...,%;) (0 < i < 1) as follows. We begin by setting Z,(X) = A,(X).
Suppose then that for some [ > 1 we have constructed the polynomials Z;(X)
for | < i < 7. Amongst the monomials xM ...x occurring in Z;(X), let
b; denote the largest of the d-tuples h; in colex. It follows that there exist
polynomials Z;,_1(X) and %,;(X) having the property that

Di(x1,.. X)) = D1(xq, . .. ,xl,l)x}” + % (x1,...,%]). (5.4)

We may suppose that 2;_;(X) is non-zero, and that every monomial xI ... x"

occurring in % (X) satisfies h; < b;. In this way, we have defined polynomials
2;(X) for 0 < i < r. Notice here that Zy(X) is a non-zero element of F.

Consider an integer j with 1 < j < r, and denote by %; the set of all
j-element subsets of {1,2,...,t}. We define .7; to be the set of t-tuples
(x1,...,%;) € (%) satisfying the property that (a) for each subset {l1,...,1;}
in %;, one has Z;(x;,,...,%;;) = 0, and (b) whenever i < j, there exists a sub-
set {my,...,m;} in %; such that Z;(Xp,, ..., Xm,;) # 0. A moment of reflection
reveals that .%(<7;F) is the union of %, %, ..., 7.

We next seek to bound card(.7;) for each integer j with 1 < j < r. Consider
a t-tuple (x1,...,%x;) € ;. There exists a subset {my,...,m;_1} in %;_,
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with Z;_1(Xm,, - -, Xm,_,) # 0 having the property that for each index m with
1 <m < tfor whichm & {my,...,m;_1}, onehas Z;(Xp,, ..., Xm,_,,Xm) = 0.
In view of the relation (5.4), the latter equation implies that the d-tuple x,,
satisfies

DXy -+ Xy )X+ B (X - -+ Xy X)) = 0, (5.5)
in which the second term on the left hand side is of smaller degree in x,, in
colex than the first term. Notice that since Z;_1(Xpm,, .., Xm,;_,) # 0, then in

particular the equation (5.5) is non-trivial as a polynomial equation in x,,. In
this way, we deduce from Lemma 5.2 that for each index m with 1 < m < t for
which m & {m1,...,m;_1}, the number of d-tuples x,, € &¢ satisfying (5.5)
is at most

(bjg + ... +bj) AT < (b — 1) A
The total number of choices of x,, € 7% for all such indices m is therefore
at most ((k — 1)A4"1)'=U=1_ The number of choices for (X, ,...,Xm, ,) €

(o7?)7=1 meanwhile, is at most A=Y Since a trivial estimate confirms that
card(%;_1) < !, we deduce that

card(5) < #171((k — 1) A1) (401 AT
Combining the contributions of 7, ..., 7, therefore, we conclude that
card(.7(#/;F)) anrd T;) < ZAt(dfl)ﬂ'fl < Atld=D+r—1

j=1

This completes the proof of the lemma. O

We are now equipped to initiate the iterative procedure. It is at this point
that we fix our choice for the prime number p.

Lemma 5.4. There exists a prime number p with M < p < 2M for which
Jorr(X) < M?5,(X).

Proof. The mean value Js1,(X) counts the number of integral solutions of the
system

2(s+r)
> (-1)'F(x;) =0, (5.6)
i=1
with 1 <X < X. Let T denote the number of such solutions in which
A(Xila--inT) =0 (57)

for all indices 7; (1 < [ < r) satisfying
1<i<2(s+r). (5.8)

Also, let T denote the corresponding number of solutions in which (5.7) fails
to hold for some index i satisfying (5.8). Then J,.(X) = Ty + T1.

We first consider Ty. Put o7 = {1,2,...,[X]} and ¥ = Hosi0.(;Q).
Then on recalling the discussion in the preamble to the statement of Lemma
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5.2, we see that whenever x is counted by Tj, one has x € .. It therefore
follows from Lemma 5.3 that

Ty < card(Sspar (75 Q)) < XH0@-DHr=1
Note that our hypotheses ensure that s > rk. Then since

K:ij <rk
j=1

we find that s > K. In view of the lower bound on J,,(X) available from
Theorem 3.1, we deduce that

TO < X2(S+T)d—2$—1 < X2(5+T)d—K—1 < X_ljs-i-r(X)- (59)

We next turn to the solutions counted by 77. We begin by examining the
determinant A,(z). On recalling (4.1), we see that the (j,7)-th entry of the
matrix associated with the determinant A, (z) has degree at most k; — 1. As
a polynomial in Z, therefore, we see that the degree of A, (%) satlsﬁes

deg A,.(Z) < Z(/c] —1)=K—r.
j=1
The coefficients of the monomial entries of A,.(z) depend at most on F, and
so for sufficiently large values of X, the sum of the absolute values of these
coefficients is bounded above by X. Thus we see that
max |A,(Z)] < X%,

1<z<X

Let & denote any set of [K /6] + 1 distinct prime numbers with M < p < 2M.
Such a set exists by the Prime Number Theorem, since we are at liberty to
assume X to be large enough in terms of K and 6. It follows that

[Ip> M5 = X¥ > max |A. ()],

- 1<z<
peES

Consequently, whenever 1 <z < X and A,(z) # 0, then there exists a prime
p € & for which p{ A,.(z). In partlcular, for each solution X of (5.6) counted
by T}, there exists an index i satisfying (5.8) and a prime p € & for which

Ar(xip s 7Xir) 7_é 0 (mOd p)
Let .# denote the set of all indices i satisfying (5.8), and define o = o (i) by
putting o (i) = ((—1)",...,(=1)"). Also, put
()= (D" +...+ (=17 m(i) =30 +1(1), n() =30 —1{)
Then on recalling the definition (4.16) and considering the underlying Dio-
phantine equations, we see that

T, < szfso a;0) f(a; X)) f(—a; X)) da.

peEX i€ s

An application of Schwarz’s inequality therefore reveals that

pEL \oEX,

1/2 1/2
7, < s (ma f 157 00 ) de) ™ f 10 X) 7 dr)
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Recalling now (3.4) and (4.19), we deduce that there exists a prime number p
with M < p < 2M for which

Ty < (Ioo(X)) 2 (Jor (X2,
By reference to (5.9), we therefore arrive at the upper bound
Js—i-r(X) =To+T < X_1JS+T(X) + (IO,O(X))l/Q(JS-H“(X))l/Qv
whence
Jsr(X) <1+ Ipo(X) < Tpo(X). (5.10)

Our final step is to split the summation in the definition (4.15) of fy(cr; 0)
into arithmetic progressions modulo p. Thus we obtain

fo(e;0) = > (e ),
1<€<p
and so it follows from Holder’s inequality that
[fole; 0)1* < (07! Y [hu(as €)1
1<€<p
In this way we deduce from (4.17) and (4.19) that
Too(X) < (M%)* max max]{ 155 (0; 0)%1 (x; €)% | dae < M1 (X).
1<€<p o
The proof of the lemma is made complete by substituting this last estimate
into (5.10). O

This is the point at which we fix the prime number p, once and for all, in
such a way that the estimate Jo,.(X) < M?%*%1;,(X) holds. That such a
choice is possible is guaranteed by the conclusion of Lemma 5.4.

6. AUXILIARY CONGRUENCES

The main thrust of our argument begins with a discussion of the congruences
that play a critical role in what follows. We first introduce some additional
notation. When o € ¥, denote by %7,(m;§,n) the set of solutions of the
system of congruences

ZUiFj(Zi —n) =m; (mod p°) (1<j <), (6.1)

with
1<z<p®, z;=€ (modp®) (1<i<r) (6.2)

and
A(zy,...,2,) Z 0 (mod pE-atl), (6.3)

The non-singularity condition (6.3) is awkward to handle directly, and so we
simplify it using the condition (6.2) by means of the following lemma.

Lemma 6.1. One has the polynomial identity
Altzy +€&,... tz, + &) =t "A(zy,...,2,).
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Proof. Tt suffices to establish the claimed identity in the special case t = 1,
since the homogeneity of the polynomials Fj(x) ensures that

A(tzy, ... tz,) = (H tkj’l)A(zl, conzy) =t Az, 2,).
=1

Consider then the situation with ¢ = 1, and recall the relation (2.3). By the
chain rule, we find that for 1 <[ < d one has

OF 0 0
(€)= S (Fx+€)) = S (COF () = CEIF()

The definition (4.1) of A,.(X) therefore delivers the relation

A +& - % + &) = det(050) F(Xi + €))r<ijcr
= det (C(&) (o) Fj(xi))1<ij<r)
= (det C'(&))A(x1,- .-, Xp).
But C(§) is lower unitriangular, so that det C(§) = 1. We therefore conclude
that
Alxy+&...,x + &) =A(x,...,X,),

and in view of our earlier discussion, the proof of the lemma is complete. [

We also require an analogue of Hensel’s lemma in order to lift solutions of
congruences to progressively higher moduli. A suitable version of this lifting
process is implicit in the next lemma.

Lemma 6.2. Let fi,..., f; be polynomials in Z[x:, ..., x;] with respective de-
grees Ki, ..., kK, and write

of;
J(f;x :det( J X) )
(f;x) 69:i( ) e

When w is a prime number, and | is a natural number, let A (f;') denote
the number of solutions of the simultaneous congruences

fi(x1,...,2) =0 (mod @) (1<j<t),
with1 < x; < @ (1 <i <t) and (J(£;x), @) = 1. Then N (f;@') < Ky ... k.
Proof. This is [19, Theorem 1]. O

We are now equipped to establish the basic estimate for the number of
solutions of the congruences (6.1) comprising %g,(m; &, n).

Lemma 6.3. Suppose that a and b are non-negative integers with b > a. Then

max max max card(%%,(m;€,n)) < ki ... kpkt-ard-Kb-a)
1<€<p® 1<<pb o€ ’
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Proof. Consider fixed integers a and b with 0 < a < b, a fixed r-tuple o € X,
and fixed integral d-tuples € and n with 1 < & < p® and 1 < 1 < p°. Denote
by Z;(n) the set of solutions of the system of congruences

> 0iF(z; — 1) = n (mod p*), (6.4)
i=1
with 1 <z < p* and
z; = &, (mod p*™!) for some & € Z,(€) (1<i<r). (6.5)

Given a fixed integral r-tuple m, the number of r-tuples n with 1 < n < p*,
for which n; = m; (mod p*®) (1 < j < r), is equal to

Hp(kfkj)b _ <pb)rk7K.
j=1

Then it follows from (6.1) that
card(%g ,(m; €,n)) = Z . Z card(Z;(n))

1<n1<pk? 1<n, <pk*
n1=m1 (mod pk1?) ny=m, (mod p

< (P K max card(Z;(n)). (6.6)
1<ngph?

krb)

We next rewrite each variable z; in the shape z; = p"y; + £. Notice that
the hypothesis that z; = €, (mod p®™) for some & € Z,(€), recorded in (6.5),
implies that &, = p®v; + & for some integral d-tuple v;, and further that

A&y, &) £ 0 (mod p=rwHh),
But as a consequence of Lemma 6.1, one then has
PV ve) = Ay €) # 0 (mod piTTe),
whence
A(vy,...,v,) #0 (mod p).

However, for 1 < ¢ < r one has

pvi+€=§ =2 =p'y; + & (mod p**),
so that y; = v; (mod p), and hence

Ay, ..., yr) = A(vy,...,v,) Z0 (mod p).

With the substitution z; = py; + & in (6.4), therefore, we deduce that the set
of solutions Z;(n) is in bijective correspondence with the set of solutions of
the system of congruences

S o (py; + € —n) = n (mod p), (6.7)

=1

with 1 <y < p % and A, (¥) £ 0 (mod p).
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Let ¥ = W be any solution of the system (6.7), if indeed such a solution
exists. Then it follows that all other solutions y satisfy the system of congru-
ences

Y oF@yi+&—m) =) oF(p'wi+&—n) (mod p*).  (6.8)
i=1 =1

The translation invariance formula (2.3) implies that

F(x) = C(&)" (F(x + &) — co(8)),

in which the matrix C'(€) has determinant 1. It follows that the system of
congruences (6.8) is equivalent to the new system

Z o F(pty;) = Z o F(p*w;) (mod p*).
i=1

i=1

By homogeneity, moreover, this new system is in turn equivalent to
T
Zai Zaz (w;) (mod pkb_kia) (1<j<r).
i=1
Next, we write Z,(u) for the set of solutions of the system of congruences

Zm (yi) = u; (mod p*7%%) (1< j<r),

with 1 < ¥ < p" % and A,(¥) # 0 (mod p). Then it follows from our discus-
sion thus far that

card(Z1(n)) < max card(Z(u)). (6.9)

L<usgpht-e

Denote by Z5(v) the set of solutions of the system of congruences

Z 0:F(y;) = v (mod p*~), (6.10)

i=1
with 1 <y < p" % and A,(¥) # 0 (mod p). Then we have

card(Z»(u)) < Z . Z card(Z3(v))

V1=U1l (mod pkb—k1a) Uy =ty (mod pkbfkTa)

1< gphb—a 1<v,<phb—a

< (p)*" max  card(Zs(v)).

1gvgpkb—a

Combining this estimate with (6.9) and (6.6), we derive the upper bound

card (7,(m; €,m)) < () KT max card(Z(v)).  (6.11)
’ 1<vpkb—a
It is at this point that we prepare to apply Lemma 6.2. For 1 < ¢ < r, we

consider a fixed choice for the d — 1 coordinates y;; with j # o (i ) We then
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define the polynomials
FiWroys - Urow) = Y oiFy(yi) —v; (1<) <r).
i=1

Consider the solutions ¥ of the system (6.10) lying in Z5(v). For 1 < i < r,
there are at most p*~® possible choices for each coordinate y;; with j # o(i).
Writey = (Y1,0(1), - - - » Yr,o(r))- Then in the notation of the statement of Lemma
6.2, one has

J(£;y) = det(0o(i) F(¥i))1<ij<r = Ar(¥) # 0 (mod p).
Thus we may apply Lemma 6.2 to show that the number of solutions
Y,o(1)s -« Yro(r)
of the system of congruences
fj<y1,0(1)7 s 7yT,U(T)) =0 (mOd pkb_a) (1 < j < T)7

with 1 < yio0) < P (1 <4 < r), is at most k... k.. In this way, we
conclude that

card(Z5(v)) < Y. .. > ki

1<y <pPP = 1<y, <phhe
1<5<d 1<j<d
Jj#a(1) Jj#o(r)

— kl o kr(pkb—a)r(d—l).
Substituting this estimate into (6.11), we arrive at the upper bound

Card( Zb(m; 57 ’l’])) < kl L kr(pb)rk—K(pa)K—r(pk:b—a)r(d—l)7

and the conclusion of the lemma follows at once. O

7. THE CONDITIONING PROCESS

Our next step involves extracting from the mean value I7,(X; &, 1) associ-
ated mean values conditioned so as to avoid singular solutions of an underlying
system of congruences. Although motivated by the corresponding treatment
for the classical Vinogradov system in [21, §5], the less digestible singularity
condition of the present work demands some modification.

Lemma 7.1. Let a and b be integers with b > a > 0. Then one has
Lop(X) < Kop(X) + M2ED=LL 0 (X)),

Proof. Consider fixed integral d-tuples & and n with 1 < &€ <p®and 1 <1 <
p’, and an r-tuple & € ¥,. Then on considering the underlying Diophantine
system, one finds from (4.17) that I7,(X;&,n) counts the number of integral
solutions of the system
S oF(x) ~ Flyi)) = Y(F(v) ~ Flvas), (71)
i=1

=1
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with
1<%y, v<X, vi=7n (modp’) (1<I<2s),

and satisfying the property that there exist
(517’”757") S Ea(é) and (Cl?"‘?CT‘) S Efl(g)

for which
x; = &; (mod p*') and y; =¢; (mod p*™) (1 <i<r).

Let 77 denote the number of integral solutions X,y,Vv of the system (7.1),
counted by I7,(X; &, n), satisfying the condition that for all r-tuples (s, ..., ;)
with
1<1<2s, (7.2)
one has
A(vy,...,v;) =0 (mod pE-b+1),

Also, let T; denote the corresponding number of solutions satisfying the con-
dition that for some r-tuple 1 satisfying (7.2), one has

Ay, ., vi,) # 0 (mod ptt =), (7.3)

Then we have
I7(X;8,m) < Ty + T, (7.4)

We consider first the solutions counted by 77. Suppose that X,y,V is a
solution counted by 77. For each index [ with 1 < [ < 2s, we may rewrite
v; in the shape v; = p’u; + 1, for some integral d-tuple w;. Given an r-tuple
(I1,...,1,) satisfying (7.2), it follows from Lemma 6.1 that

) A, w) = A+, p w4 m)
= A<Vl17 cee 7Vlr) =0 (mod p(K*T)bJrl)

?

whence
Ay, ...,u,) =0 (mod p).
Write & = {1,2,...,p} and F = Z/pZ. Then it follows that @ = ¥ (mod p)
for some U € S (/;F). Define 7 to be the set of 2s-tuples (1, ...,7My)
with 1 < m; < pP* (1 < 1 < 2s) satisfying the property that (n,,...,7,,) =
(n+ pbry, ..., m + pPrgy) for some (vy, ..., vy) € S (2;F). Then we have
(Vlv s 7V28) = (”717 ce 77725) (mOd prrl) for some ("71» Ce 7”25) S ‘%
On considering the underlying Diophantine system, we deduce that

T < Z ]{‘35((1;5)\2’fb+1(04;7h) o Frri(omyg)| dee

In view of the elementary inequality

- G P20 L o P L
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we find from (4.17) that

n< Y3 fesePiman)¥da

(M1 Mas) €A =1
< card() max 17, (X;€ 1).

1<ne<pht!
But as a consequence of Lemma 5.3, one has
card(4) = card( S, (o F)) < p?ld-+r-1
Thus we conclude from (4.19) that
Ty < MsE@D4r=1r 0 (X). (7.5)

Next we turn our attention to the solutions X,y, Vv counted by 75. We may
suppose that for some r-tuple 1 satisfying (7.2), one has the congruence (7.3).
We define 7; for 1 < ¢ < r by taking 7; = 1 when 1 < [; < s, and 7; = —1
when s +1 < [; < 2s. Notice that since v; = i (mod p®) (1 < | < 2s),
the condition (7.3) implies that (vy,,...,v;.) = (vy,,...,v;.) (mod p*1) for
some (v, ...,v;,) € E4(n). Thus, on considering the underlying Diophantine
system, we obtain the upper bound

<), ]{\Ss (@ £)*F7 (e mfp(c; )™ 7| de.

TEZT

On recalling that s = wr, an application of Holder’s inequality reveals from
(4.17) and (4.18) that for some 7 € 3,, one has

7, < (1370 )5 (o)™ da

< (152 (e &Pl )| da
= (K7 (X & m)) Y (IZ, (X €,m)) .
We therefore conclude via (4.19) and (4.20) that
Ty < (Kap(X))V W (L (X)), (7.6)
On combining (7.5) and (7.6) with (7.4), we deduce that
Lp(X) < MZEDH=11 () 4 (K (X))Y @0 (1, (X)) V@),

whence

> 1/(2u)

>1_1/(2u)

Top(X) < Kop(X) 4 M2E-DF=11 00 (X).
This completes the proof of the lemma. 0

Repeated application of Lemma 7.1 shows that whenever a, b and H are
non-negative integers with b > a > 0, then
H-1
[a,b(X) < Z(Mh)Qs(d_l)+r_lKa,b+h(X) + (MH)Qs(d_l)+r_1[a7b+H(X). (77)
h=0
We next show that I, 41 (X) is negligible for H large enough.
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Lemma 7.2. Let a, b and H be non-negative integers with
0<b—a<H<LO ' -0
Then one has

(MH)QS(d_1)+T_1Ia,b+H<X) < M~H/2 (X/Mb)28d(X/Ma)2Td_K+nS+T.

Proof. On considering the underlying system of Diophantine equations, we find
from (4.17) that when 1 < &€ < p® and 1 < < p** 2, and o € 3, one has

17, a(X:6m) < 7{ a0 € o (0 )| dex,

An application of Holder’s inequality in combination with Lemma 5.1 therefore
yields the estimate

17y m(X56,m) < (]{ a0 &) da

< (f e da
< (Joyr (2X /M)A (T (2X ) MUYyl (37

>r/(s+r)

>W@+N

Consequently, on recalling (4.21) and (4.24), we obtain the upper bound

a\r/(s+r s/ (s 2(s+7m)d—K+nsyr+3
Lpin(X) < ((X/M ) /(s+ )(X/Mb+H) /(s+ )) (s+7) Nt

< X&(X/Ma)%d—K—i-nHT (X/Mb)ZSdT, (78)

where
T = (beaJrH)Ks/(err)MstdH.

But when H > b — a, one has
H2s(d—1)+r—1)+(b—a+ H)Ks/(s+1)—2sdH
<H(r—1-2s)+2HKs/(s+7).
On observing that s > rk > K, and hence (s +1)?> > K(rk +r) > Kr, one

finds that the expression 2Hs —2H Ks/(s + r) achieves its minimum value for
s > rk when s = rk. Hence we deduce that

H2s(d—=1)+r—1)+0b—a+ H)Ks/(s+1)—2sdH

<—H+H(r—2rk)+2HKrk/(rk +1)
<—-H+H(r—2rk/(k+1)) < —H.

In this way, we see that for k > 2, one has

(MH)2sd=D+r=1y  pp—H
whence
XO(MH)2sd-Dr=1y  Np=H/2,
The conclusion of the lemma follows on substituting this estimate into (7.8).
O

Combining Lemma 7.2 with the upper bound (7.7), we conclude as follows.
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Lemma 7.3. Let a and b be integers with 0 < a < b, and put H = b — a.
Suppose that b+ H < 071, Then there exists an integer h with 0 < h < H
having the property that
Lop(X) < (MM)PEDIT (X))
+ M_H/2(X/Mb)2Sd(X/Ma)2rd_K+nS+r-

The special case of Lemma 7.3 with ¢ = 0 and b = 1 yields a refinement of
Lemma 5.4 more easily utilised in what is to come.

Lemma 7.4. One has Jo . (X) < M*9Kq,(X).

Proof. When a = 0 and b = 1, one has b—a = 1. Thus we deduce from Lemma
7.3 that
[0’1(X) < KO,l(X) + M*l/Z(X/M>23dX2Td7K+7]s+T.

Since we may suppose that M > X% it follows from Lemma 5.4 that
Torr(X) < M2 (X)) < M* g, (X) 1 X 2Ustr)d—Ktnsr =2
But in view of (4.21) and (4.23), one has
Topr(X) > XHsHDd—K+nr=6
and thus we reach the upper bound
Joir(X) € M* K (X) + X0 Ty (X).

The conclusion of the lemma follows on disentangling this inequality. O

8. THE EFFICIENT CONGRUENCING STEP

The mean value K, (X)) contains the powerful congruence conditions which
drive the iterative process. In this section we convert these conditions into a
form suited for further iteration.

Lemma 8.1. Suppose that a and b are integers with 0 < a < b < 071, Then
one has

Ka,b(X) < MQ(kbfa)rde(bfa)(Js+r<2X/Mb))17r/s<[b’kb(X))r/s.

Proof. Consider fixed r-tuples € and 1 with 1 < € < p® and 1 < 1 < p°, and
r-tuples o, 7 € Y,.. Then on considering the underlying Diophantine system,
one finds that KZ[(X :&€,m) counts the number of integral solutions of the
system

Z 0i(F(x:) = F(y:)) = Y > 7lF(Vim) — F(Wim)), (8.1)

=1 m=1

in which, for some r-tuples {,7 € Z,(£), one has

1<xy<X, Xx=( (mod p"™) and y=v (mod p*™),

and for 1 < [ < u, for some fi;, 0; € =p(n), one has

1<V, w; <X, vi=m (mod p’™) and W, =86; (mod p"™).
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The translation invariance formula (2.3) implies that the system (8.1) is equiv-
alent to the new system of equations

Z O'Z‘(F<Xi — 'I’]) Z Z Tm Vlm - ) F(Wlm - 77)) (82)

In any solution X,¥,¥,w counted by K7;"(X;€,n), one has ¥, = W; =
1 (mod p°) (1 <1 < u). We therefore deduce from (8.2) that

Y oiFi(xi—n) =Y oiFi(yi—m) (mod pf*) (1<j<r).  (83)
i=1 =1

We also have X =y = £ (mod p?),
Ar(i) 7—é 0 (mod p(K—r)a-H) and Ar(?) % 0 (mod p(K—r)a-‘rl).

Recall the notation introduced prior to the statement of Lemma 6.1, and
write

agmm) = Y [[fuloe ).
Zégg{ib(m;ﬁm) =1

On considering the underlying Diophantine system, we deduce from (8.1) and
(8.3) that

Krem =5 S 107, (0 gmmPF (e da (540)
mi1=1 my=1

By applying Cauchy’s inequality in combination with the estimate supplied by
Lemma 6.3, we have

|87 5(; € mim)|* < card(B7,(m:&m)) D Hlfkb

CeRBT  (mi€m) =
< M(kb—a)rd—K(b—a) Z H |fkb(a

Z‘Ee%;b(m;ﬁm) =1

Substituting this relation back into (8.4) and considering the underlying Dio-
phantine system, we find that

K77T(X;€,m)

< Mkb—a)rd—K(b—a) Z %(H fes(cx; Cz)|2) 157 (a; 77)|2“ da. (8.5)
i=1

1 ngpkb
¢=¢ (mod p*)
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Observe next that by Holder’s inequality,

> H|fkb<a;ci>|2=< > |fkb<a;c>|2>

1<Cpht =l 1<C<ph?
¢=¢ (mod p®) ¢=¢£ (mod p?)
<@ YT (e O
1<¢<pht
¢=¢ (mod p?)

Then (8.5) delivers the upper bound

KT (X € m) < MPE-ard=Kb=a) pax ]{Hkb a; ¢)7F7 (a;m)*| da. (8.6)

1<C<p

Another application of Holder’s inequality yields the bound
ol ) 87 (| dex < U705
where
Ui = § 57 (i) P+ da
and
s = 157 (@sm)Pfu(a: O de

On considering the underlying Diophantine system, it follows from Lemma 5.1
that

Us < i) P doc < Jowr (201,
whilst from (4.17) we have Uy = I, (X;m, ¢). Thus we conclude that

74 (s 78T (05 )" dex <€ (Jusn (2X /M) 5y (X)).

On substituting this estimate into (8.6), the conclusion of the lemma follows.
O

We conclude this section by extracting two simplified bounds that may be
conveniently deployed in our iteration.

Lemma 8.2. Suppose that a and b are integers with 0 < a < b < 0~L. Then
[Kap(X)]] < Xt (M=) K

Proof. Consider fixed d-tuples & and n with 1 < & < p® and 1 < n < p°, and
r-tuples o, 7 € ¥,. Considering the underlying Diophantine system and then
applying Holder’s inequality, we obtain

KoT(X:6m) < f |fa<a;s>2%<a;n>25| do

s/(s+r)
f”a o 5 |25+2rda %H_b o ,’7 |25+27~da> )
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Next applying Lemma 5.1, we deduce that
Kop(X) < (Jor (2X/ M) (g (2X/MP)) 1),
whence by (4.22) we arrive at the upper bound
X&((X/Ma)r/(err) (X/Mb)s/(s+7’))2(S+T)d7K+7]s+r
(X /MP)2sd(X /M o)2rd=K
< an+r+5<bea>Ks/(s+r).

The conclusion of the lemma follows. O

[Kap(X)]] <

The basic iterative relation follows by applying Lemma 7.3 in combination
with Lemma 8.1.

Lemma 8.3. Suppose that a and b are integers with 0 < a < b < %(k@)_l,
and put H = (k—1)b. Then there exists an integer h, with 0 < h < H, having
the property that

[ ap (X)) < XOM @O e (X NPt O [ oy (X))
+ M—?"H/(3S)(X/Mb)ns+r‘
Proof. We deduce from Lemma 8.1 via (4.22) that

[[Ka,b(X>]] < (Mb)2sd(Ma)2rd7KM2(kb7a)rd7K(bfa)TE*T/ST;/S’ (87)
where (2X/ b) (
Js1r(2X/ M Iy k(X))
= "gemer. o b= 55w
But
Ty < (M0 R (X Oyt to (8.8)

Also, on putting H = (k — 1)b, we see that
kb+ H = (2k —1)b< 67"
Then it follows from Lemma 7.3 that there exists an integer h with 0 < h < H
having the property that
(Mh)Zs(dfl)Jrrfle’kb_i_h(X) MfH/2 (X/Mb)ns'”
X 2(s+r)d—K (Mkb)Qsd(Mb)Qrd—K'

T <
Thus we see that
T2 < (M—kb>25d(M—b)2rd—KQ’ (89)

where
Q= M_(QS_TH)h[[Kb,kb+h(X)]] + MTER(X My

On substituting (8.8) and (8.9) into (8.7), we deduce that
[Kap(X)] < M@ (X /NP A=/ s t3)Qr/s.
where
w(a,b) =2sdb+ (2rd — K)a+ 2(kb— a)rd — K(b— a)
—(1=7r/s)2(s+1r)d— K)b— (2sdkb+ (2rd — K)b)r/s.
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A little effort reveals that w(a,b) = 0, and thus we obtain
[Kap ()] < (MHR2)o (X MPyresroltmrls)
+ X(SM—(Zs—r-l—l)hr/s (X/Mb)nerr(l—r/S) [[Kb,kb—l—h(X)]]T/s‘

The conclusion of the lemma follows on noting that ¢ is assumed small enough
that (X/M?)00=r/s) <« Nrit/(6s), -

9. THE ITERATIVE PROCESS

Beginning with an application of Lemma 7.4, which bounds J,,.(X) in terms
of Ko1(X), we may apply Lemma 8.3 to bound J,,,(X) in terms of K, ,(X)
for an increasing sequence of parameters a and b. Our goal in this section is
to manage this process, deriving useful information from the iterations. Our
first step is to extract from Lemma 8.3 a conclusion transparent enough to be
applied as the basic tool in each iterative step.

Lemma 9.1. Suppose that a and b are integers with 0 < a < b < %(k@)_l.
Suppose in addition that there exist non-negative numbers v, ¢ and vy, with
c < 3(s/r)N, for which
X100 o X N[ Ky (X)) (9.1)
Then, for some non-negative integer h with h < (k — 1)b, one has
X+ (1490) XC"SM_W,[[Ka/,b/(X)ﬂ,

where

= (s/r)p+ (s/r=1)b, ' =(s/r)y+ (25 =7+ 1)h,

d=(s/r)(c+1), d=b and V =kb+h.
Proof. We are at liberty to assume that ¢ < 3(s/r)" and 6 < (Ns)™3N, so we
have
b < 257N < 0/(3s),

and hence X < MYG%)_  In addition, one has MY/ > X% We therefore
deduce from Lemma 8.3 that there exists an integer h with 0 < h < (kK —1)b
having the property that

[Kap(X)]) < M7/ xmeer

+ XJ(X/Mb)(l—r/S)nerr (M_(2s_r+1)h[[Kb,kb+h (X)]])T/S ‘

On making use of the hypothesised bound (9.1), and employing in addition the
lower bound r > 2 to confirm that XM~/ « X9 we therefore obtain
the estimate

an+r(1+¢9) < X(c+1)6M777(237r+1)rh/s (X/Mb)(lfT/S)TIS-&-T [[Kb,kb+h (X)]]T/S
+ X"’]s-&-rf(s,
whence
Xstr (/s A=r/a)0)0) o X (D) N p=r=s=r1rh/s([ /g, 10 (X)),
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The desired conclusion now follows on raising left and right hand sides here to
the power s/r. O

Our final task is to analyse the growth of the parameters as the iteration
proceeds, since from this we are able to extract the conclusion of Theorem 2.1.

Lemma 9.2. Put s =rk. Then one has ns;, = 0.

Proof. We may suppose that 7., > 0, for otherwise there is nothing to prove.
We begin by defining three sequences (ay,), (b,), (h,) of non-negative integers
for 0 < n < N. We put ag = 0 and by = 1. Then, when 0 < n < N, we fix
any integer h, with 0 < h,, < (k — 1)b,, and then define

api1 = b, and b, = kb, + hy,. (9.2)

We next define the auxiliary sequences (¢,), (¢,), (7,) of non-negative real
numbers for 0 < n < N by putting v9 = 0, ¢ = 1, 79 = 0. Then, for
0 < n < N, we define

Ypg1 = (S/T)wn + (S/T - 1)bm (9'3)
Cni1 = (s/r)(cn + 1), (9.4)
Yot1 = (/7)Y + (25 — 7 + 1)hy,. (9.5)

It is apparent that -, is non-negative for n > 0, and an inductive argument
shows that for 0 <n < N, one has

2s _T(S/T)

S—7T S—T

(2 n —) (s/r)" < 3(s/r)".

We claim that a choice may be made for the sequence (h,,) in such a manner
that for 0 < n < N, one has

b, < V'N(s/r)" (9.6)

Cp =

and
X (4n0) o yed \rowm[K, (X)) (9.7)

When n = 0, the relation (9.6) holds by virtue of the definition of by, and the
relation (9.7) holds as a consequence of (4.22), (4.23) and Lemma 7.4, since
the latter implies that

X s+ =0 [[JS_H,(X)]] < [[KO,I(X)]]

Before considering larger indices n, we conduct a preliminary analysis of the
recurrence relations (9.2)-(9.5). Observe that when n > 0, one has

Ynt1 = (/1) + (28 =1+ 1) (bny1 — kby),
whence
Vi1 — (28 —r+ Dby = (s/7) (v — (25 — 7 4+ 1)by,).
Then we deduce by induction that
Yo = (28 =7 4+ 1)b, + (s/1)" (70 — (25 — r + 1)bg)
=(2s—r+1)(b, — (s/m)"). (9.8)
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Suppose next that the desired conclusions (9.6) and (9.7) have been estab-
lished for the index n < N. Then from (9.6) and (4.14) one has kb,0 <
k(s/r)" =% < 1 whence b, < 1(kf)~'. By appealing to Lemma 9.1 we de-
duce from (9.7) that there exists a non-negative integer h, with h < (k — 1)b,,,

for which one has the upper bound

X s+ (H910) o xS = (Ko (X)]], (9.9)
where
a=b,=a,, b =kb,+h, (9.10)
W = (8/r)¢n + (S/T - 1)bn = Yny1,
¢ = (s/r)(en +1) = cny,
v = (s/r)n + (2s —r + 1)h. (9.11)

Suppose, if possible, that &' > v/N(s/r)"*!. The relations (9.8), (9.10) and
(9.11) then show that

v =(s/r)2s —r+1)(b, — (s/r)")+ (2s —r+ 1)(V — kby,)
=2s—r+ 1)1 — (s/r)"*)
> (1-1/VN)(@2s —r+ 1)V, (9.12)
But ¥ = kb, + h < (2k — 1)b, < 67!, and so it follows from Lemma 8.2 that
[y (X)]] < X720 (M)

On substituting this estimate together with (9.12) into (9.9), we obtain the
upper bound

X st (14¥n16) an+r+(cn+1+1)5(Mb/)K*(QS*TH)(l*l/\/N)'
We recall that ¢, 1 < 3(s/r)"!, so that X (en+1+D9 < M 1/2 Also,
K—(1-1/VN)2s—r+1) <rk—2rk —r+1)+2s/VN < —1.
Thus we obtain
X Ms+r(IHni10) oo st 1=t o Xstr p -1

Since 1,41 and 6 are both positive, we are forced to conclude that ng,, < 0,
contradicting our opening hypothesis. The assumption that b > v/N(s/r)"!
is therefore untenable, and so we must in fact have ¥’ < /N (s/r)"+!. We now
take h,, to be the integer h at hand, so that & = b,,1 and 7' = 7,41, and thus
we confirm the upper bounds (9.6) and (9.7) with n replaced by n + 1.

We now collect together our various bounds on the parameters in question.
We have (9.6) and (9.7) for 0 < n < N, and also the bounds ¢, < 3(s/r)" and
Y = 0. Also, by induction one finds that b, > k™ and
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whence ¢, > n(k — 1)k""'. Finally, one has by# < (r/s)* < 3, so that

by < 671, By applying Lemma 8.2 in combination with (9.7), we therefore
obtain the estimate

X773+r 1+wN9 << X775+'r+ CN+1 (MbN) << X773+r+7‘k.

Making use again of the relation § = N~'/2(r/s)N*2 from (4.14), we conclude

that
\/_Hf(s/r)NJr2 rk*
Mt S ¢ 9 Nk—1k1 SN
We may take N to be as large as necessary in terms of k£ and r, and thus
Ns+r can be made arbitrarily small. We are therefore forced to conclude that
Ns+r = 0, and this completes the proof of the lemma. OJ

The conclusion of Theorem 2.1 is an immediate consequence of Lemma 9.2,
for in view of (4.21) and (4.24) the latter shows that when s > r(k + 1), then
one has

JJ(X;F) < X2d- ke,

10. ESTIMATES OF WEYL TYPE

The extraction of estimates analogous to that of Weyl is in general difficult,
owing to the complexity of the multidimensional situation. Although it would
be feasible, with extra space and care, to analyse directly the exponential sum
f(a; X; F) encoding quite general translation-dilation invariant systems F, we
have chosen here to instead restrict attention to the Weyl sums associated with
the system described in example (b) of §2. Such Weyl sums may be applied so
as to bound the apparently more general sums f(a; X; F) mentioned above, at
the cost of somewhat weaker estimates. Since our upper bounds for Js(X;F)
are essentially optimal with s = r(k+1), it transpires that the slight weakening
of the Weyl exponent does not impede the bulk of applications.

We stress then that throughout this section, until indicated otherwise, the
system F is understood to be defined by

F= (22, 2 1< i| <k),

and the corresponding Weyl sum f(a; X; F) we abbreviate to f(a). We define
r and K asin (2.6) and (2.7). We must also consider the system F’ defined by

F' = (22 2 1< i <k —1).

This system has rank
r = Frd=1) 1
= J ,

d
K' = "+ 1)(k—1).
Sl k- 1)

The hard work involved in estimating f(ca) has been presented by the first
author in [9, §5], though here we take the opportunity to clarify one or two
issues.

and weight
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Theorem 10.1. Fiz an index j with 2 < |j| < k, and put 0 = (2r'k)~'. Let
a € R", and suppose that a and q are integers with ¢ > 1, (a,q) = 1 and
lqa; — a| < ¢~*. Then one has

[fla)] < X(g + X7 gxXH)

Proof. The conclusion of the theorem is essentially immediate from [9, Theo-
rem 5.1]. We apply Theorem 2.1 to show that when s = 'k, then one has

JS(X,F/) <<X2Sd—K,+A7

with A < e. Since 0 = 1/(2s), the upper bound for |f(e)| follows from the
aforementioned estimate [9, Theorem 5.1]. O

We add a few words of clarification to the proof of the latter conclusion
in order to serve our purposes in the proof of Theorem 10.2. The index j =
(J1,--.,Ja) contains at least one coordinate j; satisfying j; > 1. By relabelling
variables, if necessary, one may suppose that [ = 1. At the top of page 24 of
[9], it is asserted that there is no loss of generality in supposing that j; > 1, an
assertion that is made otiose given our relabelling of variables. However, it is
apparent that the argument of this proof may be reorganised so that relabelling
is unnecessary, with the central elements of the argument focused on the index
Jji instead of j;. The only issue to stress is that the set .#Z C [1, N|NZ prepared
at the end of the proof of [9, Theorem 5.1] now depends on [.

Our next estimate refines Theorem 10.1 so that many coefficients are ap-
proximated simultaneously with control over a common denominator. In this
context, when 6 € R, we define ||0]| = ryneiélle — .

Theorem 10.2. Let v be a positive number, let A be a real number satisfying
1 < A<LXY and write Q = XY(XTAY)?"k . Suppose that |f(a)| > A, and
that Q < X'=2° for some § > 0. Let | be an integer with 1 < 1 < d. Then
for each index j = (j1,...,ja) with 2 < |j| < k and j; > 1, there exist a; € Z
and g; € N with (a;,q;) = 1 and |ga5 — a;] < QXM Moreover, the least

common multiple q(()l) of the numbers q; with 2 < |j| < k and j; > 1 satisfies

qél) < Q(log X)*'* and
g oyl < Q*(log X) X0l (2 < |jl <k, ji = 1).

Proof. We apply the argument of the proof of [9, Theorem 5.2]. Consider an
index j = (j1,...,74) with 2 < [j| < k, and let | be any integer with j, > 1.
It follows from Dirichlet’s Theorem that there exist coprime integers ¢; and g
with
1< g <Q XU and  |gay — a5 < QX°7H.

Keeping in mind the discussion following the proof of Theorem 10.1, we may
apply the argument of the proof of [9, Theorem 5.2] to deduce from Theorem
10.1 that ¢; < Q(log X)*"* <« X'=°. Now fix an integer x € [1, X], and
suppose that there is an integer y € [1, X| such that

(k1) — ) < X0
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for each index j with 2 < |j| < k satisfying j; = 1. Then the argument of the
proof of [9, Theorem 5.2] following [9, equation (5.8)] shows that ¢; divides

(k")*a;(z — y) for each of the latter indices j. Write q(()l) for the least common
multiple of the integers ¢; with 2 < |j| < k and j; > 1. Then the argument of
the proof of [9, Theorem 5.2] shows that

oV < Q(log X)*'*. (10.1)

Note here that our hypothesis j; > 1 permits the relevant part of the argument
of [9, Theorem 5.1] to be applied successfully, reflecting the discussion above
following the proof of Theorem 10.1. In addition, for 2 < |j| < k and j; > 1,
one has

lao”agll < a5 lasensll < Qlog X)* ™M (QX7H) = @*(log ) X771l
This completes the proof of the theorem. 0

We remark that the statement of [9, Theorem 5.2] should be modified to
reflect the argument concluding the above proof, so that the conclusion of |9,
Theorem 5.2] asserts only that ¢y < Q%(log P)?*®. This issue follows through
the work of [9] discussing Weyl sums. In particular, the conclusion of [9,
Theorem 1.2] should be modified to impose a condition of the shape o' >
s(d+ L)rklog(rk).

The next result is established via a Baker-style “final coefficient lemma”
argument (see [3, Lemma 4.6]).

Theorem 10.3. Let k be an integer with k > 2, and let T be a real number
with 71 > (2r'k + 1)(d + 1). Suppose that |f(a)| = A > X7 for some
v >0, and write Y = (XTA=1)E Then there are integers a; and q satisfying

(ga)=1, 1<q<Y and |qo5—a5 < YX B (1<[jl<k).
Proof. This is immediate from the argument of the proof of [9, Theorem 5.5].

Write W = X1=@*+D7 We put s = 7'k and note that 7(2s + 1)(d + 1) < 1,
whence

(XdA—l)Qs(d—l—l) < (XT—I/>23(d—|—1) < Xl—(d+1)7—2s(d+1)l/ _ WX_2s(d+1)l/.

As in the proof of [9, Theorem 5.5, we may apply Theorem 10.2 to show that
for 1 <1 < d, there exist integers q(()l) with the property that

1 < q(()l) < XV(XdA—l)Qr’k(logX)2r’k < Wl/(d+1)X_SV,
and satisfying the condition that whenever 2 < |j| < k and j; > 1, then
||q(()l)aj|| < X2U<XdA71>47»/k(logX)2r’kX6f|j| < W?/(d+1)X6f|j|.

We take gg to be the least common multiple of q(()l), . ,q(()d) . In this way, we

deduce first that
I<Sq< q(()l) . .q(()d) < (WY x—sv)d o pyd/d+1)
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Suppose next that 2 < |j| < k. Then there is some index [ for which j;, > 1,
and we have

ool < ((TT a6™ )l gl < (/e ogmony i/t o,
1<m<d
m#l
In this way, we find that whenever 2 < |j| < &, then without any condition on
J1,- -+ Jd, One has
llqocy]| < W Xx°-hl,
An application of [9, Lemma 5.4] completes the proof of the theorem, just as
in the proof of [9, Theorem 5.5]. O]

The conclusion of Theorem 1.3 follows at once from Theorem 10.3 as a
special case. It seems worthwhile at this point to extract from Theorem 10.3 a
conclusion that serves to estimate f(a; X;F) for general translation-dilation
invariant systems F.

Theorem 10.4. Let F be a reduced translation-dilation invariant system of
polynomials having dimension d, rank r and degree k. Define the exponent p
by means of the relation

pt = (Qk(k+;l_1) —2k+1> (d+1).

Suppose that |f(a; X;F)| = A > X for some v > 0. Write Y =
(XTA=Ykv . Then there are integers a; and q, satisfying

(a)=1, 1<q¢<Y and |goy—a;] <KYX ™ (1<j<r).

Proof. By assumption, the polynomials F;(x) (1 < j < r) are homogeneous,
and satisfy the translation-dilation invariance relation (2.3) for a suitable lower
unitriangular matrix C'(§). Write F for the column vector (F};(x))1<j<,, and X
for the column vector (x')1<jij<k, in which the entries are arranged in ascending

colex order. Finally, put
_(k+d\ 1

The monomials x! span the space generated by {F},..., F,}, and so one may
write F' = AX, with 2 an r X p matrix having integer entries depending only
on the coefficients of F. The linear independence of the system F ensures that
there exists an invertible p x p matrix B, having rational entries depending
only on the coefficients of the system F, having the property that A% is an
r X p block matrix of the shape (O I,), with O the r x (p — r) zero matrix,
and [, the r x r identity matrix. Observe that 28 will have a block structure
which associates to F; monomials x' with |i| = k;.

Suppose that |f(a; X;F)| > A > X%+ for some v > 0. One has

fla; X F) = Z e(i&ﬂﬂ-(x)) = Z e< Z Bjxj>,

1<x<X  i=1 1<x<X  1<|j<k
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wherein we have written 3 = A" . Thus we have
Y (3 )|z A xe
I<x<X  1gljI<k

It follows from Theorem 10.3 that there exist integers ¢; and v, with (v, ¢) = 1,
satisfying

I1<v<Y and |uf;—¢l <Y X0 (1<j <k). (10.2)

Now B3 = (AB) .. Since AB = (O I,.), we see that
0,...,0,01,...,0,)" =B, (10.3)
so that ay,...,a, are given by linear combinations of the real numbers p;

(1 < |j| < k), with rational coefficients depending at most on the coefficients
of F.

Let 0y be the least natural number having the property that 28 has in-
tegral entries, and let {2 be the largest of the absolute values of the entries of
Q0B. Then it follows from (10.2) and (10.3) that for 1 <+ < r, one has

[Q0ova;|| < Z Qllvp;l| < pQY X H.
lil=F;
Write qg = vy and Z = pQQY. Then we find that 1 < gy < Z and there
exist integers b; (1 < i < r) such that |gooy — b;| < ZX % (1 < i <r). The
conclusion of the theorem follows on putting g = (g, b), writing ¢ = ¢o/g and
a; = b;/g (1 <1< r), and noting that Z < Y. O

11. ASYMPTOTIC FORMULAE ASSOCIATED WITH DIOPHANTINE EQUATIONS

The mean value estimate supplied by Theorem 2.1 may be routinely com-
bined with estimates of Weyl type, explored in §10, so as to establish asymp-
totic formulae for the number of solutions of associated Diophantine systems.
Such consequences have been examined already in the literature, and so our
goal in this section is to sketch some conclusions, and outline the arguments
necessary for their proofs. In particular, we deliberately avoid going into detail
concerning proofs of these new results so as to avoid adding bulk to an already
lengthy memoir.

We begin by establishing an asymptotic formula for a general counting prob-
lem of which Theorem 1.4 is essentially a special case. Consider then a reduced
translation-dilation invariant system of polynomials F having dimension d,
rank r, degree k and weight K. Let s be a natural number, and consider fixed
non-zero integers ¢;; for 1 < i < r and 1 < j < s. Finally, let Ny(X;F;c)
denote the number of integral solutions of the Diophantine system

D eiFilx) =0 (1<i<r), (11.1)
=1

with 1 < X < X. For the time being, it is convenient to abbreviate f(a; X; F)

to f(a).
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Theorem 11.1. Suppose that s > 2r(k + 1) + 1. Suppose further that c;;
(1 <i<r 1< j<s) are non-zero integers, and that the system (11.1) has
both a non-singular real solution, and a non-singular p-adic solution for every
prime p. Then there exist positive constants 9 = P(s,F,c) andv = v(s,F, c)
such that

Ny(X;F;c) = 2X*F L O(X*= K.

Proof. We begin by defining a Hardy-Littlewood dissection. When 0 < 0 < 1,
let My denote the union of the boxes

My(g,a) = {a € [0,1)" : |gou —a;] < XM (1<i <)},
with 1 < ¢ < X? 0 < a < qand (¢,a) = 1. Complementing the major arcs

My, we define the minor arcs my = [0,1)" \ My. We claim that whenever
s = 2r(k + 1) 4 1, then for a positive number § = (s, F), one has
/ [f(B)]°dB < X772, (11.2)
my/3

Define f;(a) to be f(cyja,...,¢ja,). Then from the upper bound (11.2) it
follows by means of Holder’s inequality that

/ﬁfj(a)dagﬁq \fj(a)\Sda)”s
M/2 j=1 s

< max/ 1f(B)°dB <« X*d-K=2, (11.3)
my/3

1<j<s

In order to confirm the estimate (11.2), observe first that

s—2r(k+1)
/ [f ()] dex < ( sup If(a)|> ]{|f(a)\2r(k+1) da.  (11.4)
my/3

a6m1/3

By applying Theorem 2.1, one sees that
j{|f(a)|2r(k+1) da < x2r(k+1)—K+te (11‘5)
Next, define o by means of the relation
k+d-—1
a—1=6(d+1)k:( * )
d
If we hypothesise that | f(c)| = X977, then it follows from Theorem 10.4 that
there exist integers a; and ¢, with
1<qg< XY, (gpa)=1 and |go; —a;| < X R4 (1<i<r).
Then one must have o € 93, and thus we infer that

sup | f(e)| < X7
a€m1/3
The desired estimate (11.2) follows on combining (11.4) and (11.5), provided

that we take 0 < 0. In view of our earlier discussion, this confirms the estimate
(11.3).
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In order to estimate the contribution of the major arcs 9, /o, we may follow
the argument of [9, §6]. We avoid providing many details here. We write

S(q,a) = Z e(q_l Z aiFi(x)>

1<x<q 1<i<r

8= [ (X ane)a

1<i<r

and

and then put
V(esg,a) = ¢~'S(q, a)v(e — a/q).
Define Vj(a) to be

V(cijan, ..., Crju; g, C1jar, - - -, Crjay)

when o € M /5(q,a) € M, /2, and otherwise put V;(a) = 0. Then by adapting
the argument of [9, Lemma 5.3], one finds that

sup | fj(er) — Vj(a)| < X712 (11.6)

a€9ﬁ1/2

Since mes(M; ) < X "HV/2=K it follows via Holder’s inequality that for some
positive number v, one has

/ H fila) da — / da
M2 j= Mz j=

< X412 max / H/}(a)]‘sfl da + X0 K-v,
My /2

1<5<s

Reversing course, one finds from (11.6) via Theorem 2.1 that whenever s >
2r(k +1) + 1, then

[ Werda s [ @)t dc xe v
My /2

My /o
< flnter aa s xten

< X(s—l)d—K—&-s'
Thus we deduce that

Ny(X;F;c) = /
My /2

/ o) da + O(X 547K, (11.7)
Mo j=

Hfj(a) de + / I /i(e) dex

j=1 1/2 j=1

The argument of the proof of [9, Theorem 6.2] is readily adapted to show
that

/ a)da = JEX*K 4 (XK, (11.8)
Mo j=
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for some v > 0, where

s S

a= [ [ (X n> i) dvas,
: [Ol]gd =1 j=1
and
S = Z Z 7SdHS ¢, 1501, . - ., CrjQy).
st

The absolute convergence of J and & follows via the methods of [9, §§5 and
6]. Here, the existence of non-singular real and p-adic solutions suffices to
guarantee that J > 0 and & > 0 (see [8] and [9] for the necessary ideas). On
substituting into (11.7) and (11.8), the desired conclusion follows. O

Note that, in order to count solutions of the system (11.1) with |X| < X,
one may merely add together the contributions from the 2¢ sectors accommo-
dating the various constellations of signs amongst the d coordinates, and thus
Theorem 1.4 is an immediate consequence of Theorem 11.1 corresponding to
the special translation-dilation invariant system

F=(x':1<|i] <k).
The special case of Theorem 11.1 in which s = 2r(k+ 1) 4+ 2 and ¢;; = (—1)
(1 < j < s) delivers the following corollary.

Corollary 11.2. Suppose thatt > r(k+1)+1. Then there are positive numbers
¢ =¢C(t,F) and 6 = §(t,F) such that

Ji(X;F) = eX?K 4 O(X R0,
We remark that the positivity of the product of singular integral and singular
series, giving € > 0, is in this case a consequence of the lower bound provided

by Theorem 3.1. Note that Theorem 1.5 is a special case of Corollary 11.2,
corresponding to the same special choice of system as above.

We now move on to consider Theorem 1.6. Here we may follow the sketch
provided at the end of [9, §6]. We write

o) = Z e(z cjozixi>.

XI<X lil=k

Then it follows from Theorem 1.1 that whenever

C ((k§d> —1) (k+1),

f|gj(a)|28 de < XQsdeJrs.

The argument concluding [9, §6] then suffices to prove Theorem 1.6.

then

Finally, we consider the translation-dilation invariant system F, as in the
preamble to Theorem 11.1, with applications in additive combinatorics in
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mind. We therefore consider non-zero integers cq,...,cs satisfying the con-
dition ¢; + ... 4+ ¢ = 0, and we investigate the solubility of the Diophantine
system

aF(x)) + ...+ ¢ F(xs) =0. (11.9)

We define projected and subset-sum solutions in a manner transparently anal-
ogous to that in the preamble to Theorem 1.7.

Theorem 11.3. Suppose that s > 2r(k+1) +1 and s > K +d?. Let ¢; (1<
i < 8) be non-zero integers satisfying c1+...+cs = 0. Suppose further that the
system of equations (11.9) possesses non-singular real and p-adic solutions for
each prime number p. Let o/ C ZN[1, N|, and suppose that the only solutions
of the system (11.9) from <f are either projected or subset-sum solutions. Then
one has

card(«7) < N¢(loglog N)~V/(=1),

The conclusion of Theorem 1.7 is a special case of Theorem 11.3, as we now
confirm. For in the special circumstances relevant to the statement of Theorem
1.7 one has rk > K, and when k& > 2 one has in addition

d+k
k

Thus we find that the hypothesis s > 2r(k + 1) + 1 already ensures that
s > K + d?, and Theorem 1.7 consequently follows as a direct corollary of
Theorem 11.3.

The proof of Theorem 11.3 follows by adapting the methods of [11] to this
more general situation wherein d may exceed 2. The conclusion of Theorem
11.1 may be employed to show that when s > 2r(k+1)+1 and 7 is of suitable
linear uniformity with relative density 0, then the number .4 (&) of solutions
of (11.9) with X € o/® satisfies

N () ¢ °NK,

We claim that the number .4;(.27) of projected solutions is O(N*@~1+4*) "and
that the number .4](%/) of subset-sum solutions is O(N*¢=5=1/%) Granted
this claim, one finds that A () > (/) + A1(<f) provided that

Ns(d—l)+d2 + Nsd—K—l/s _ 0(55Nsd—K)’

and this relation is satisfied whenever s > K + d* and § > (log N)™!, for
example. Under such circumstances, we conclude that the system (11.9) con-
tains solutions from &7 that are neither projected nor subset-sum solutions. In
particular, if the only solutions of (11.9) from &7 are either projected or subset-
sum solutions, then card(«/) < N%(log N)~!. On the other hand, if & is not
of suitable linear uniformity, then a concentration argument motivated by that
of Roth [12] and described in the proof of [11, Lemma 5.3] may be adapted
to this potentially higher dimensional setting to show that in the absence of
non-trivial solutions, a suitable sub-progression can be obtained with higher
relative density than that of &7. By iterating this argument, one deduces that

2r+1>2< )—1>(d+2)(d+1)—1>d2.
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in circumstances wherein the only solutions of the system (11.9) from .o are ei-
ther projected or subset-sum solutions, then card(.2?) < N¢(loglog N)~!/(s=1),
We refer the reader to [11, §5] for details.

We have still to justify our earlier claim. We begin by counting the number
of projected solutions Ay(27). Let X = (X, ...,Xs) be any projected solution
counted by .45(7). Then there exists a translate a € R? with the property that

spang{x;—a,...,x,—a} is a vector space of dimension m < d. There is no loss
of generality in taking a = x;, and then spang{x; —a, ..., x,—a} has a basis of
the shape Z = {x;, —x1,...,%;, —x1} for some indices 1 < iy < ... < i, < s.

Since —N < x;, —x; < N for 1 <[ < m, one sees that the number of possible
choices for # is O((N9)™). But there are trivially O(N?) possible choices
for x1, and so we find that the number 7" of possible translated vector spaces
X1 + spang# satisfies

T < NYN™ < NYNDy-1 = N,

The integral vectors lying in V' = spang % form an integral lattice of dimension
m, and hence volume considerations confirm that the number of vectors y € Z¢
such that —2N <y < 2N and y € V is at most O(N™). Thus we deduce
that for each index ¢ with 1 < i < s, and each m < d, the number of possible
choices for x; — x; is at most O(N™). It follows that for fixed x; and 4, the
number of possible choices for x1,..., X, is at most O(N™#). Then the total
number of possible projected solutions x,...,x is

J%(&f) < N™T < Nms+d2 < N(d71)3+d2.

We turn next to the task of bounding .4#1(%7). The number of partitions
{1,...,s} = _#1U...U_Z, with [ > 2 and the sets _¢Z, disjoint and non-empty,
is plainly O4(1). Let A5(N; _#1,..., _#) denote the number of solutions of the
system

Y aF(x)=0 (1<v<l)
UG/U

with 1 < X < N. Then it follows that there exists a partition {1,...,s} =
1 U .. U _Z, of the aforementioned type, for which

M(A) K MNM(N; F1,..., F).
Write m,, = card(_#,) (1 < v <), and note that
mi+...+m =s. (11.10)

Finally, let n denote the number of the sets _#, with 1 < v <[ satisfying the
property that card(_#,) = 1.

Our next step is to consider the contribution of the subset-sum equations
defined by sets _#,, distinguishing two cases. Suppose first that card(_#,) =1
and _Z, = {u}. Since we may suppose ¢, to be non-zero, it follows from Lemma

5.2 that the number of solutions of the system of equations ¢, F(x,) = 0, with
1 <x, <N, is O(NID).
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Suppose next that card(_#,) > 1. Abbreviating f(a; N;F) to f(a), a trivial
estimate yields

7{ |f(a)?da < N¥1,
On the other hand, a trivial estimate in combination with Theorem 2.1 delivers
the bound

% |f(a)|s da < NsdeJrs.

Then it follows from Holder’s inequality and a change of variable that

o <v 2)/(s , sm)/(s 2)
]ﬁfcu )™ de < 74|f )" dar) 74|f )1 da)

<< Nsd K+s)(mv—2)/(s 2) (N2d 1\(s—mwy)/(s—2)
< vad myK/(s—n)— llv+€7

-9 _
vy = (2 K- ) g 20T
s—2 s—n s — 2

From here, a consideration of the underlying Diophantine system, followed
by an application of Hélder’s inequality, reveals that

M p )< T T )l da
1<vl ue 7y
Card(fv)>1

< Nd=Dn H H f|f c 0 |mv da>1/ v

1ot ue
card(_Zy)>1

< N(d—l)n H vad—va/(S—TL)—l/U-i-E.

1<l
card(_Zy)>1

We therefore deduce from (11.10) that
m(ﬂ) < NSd*K*V‘FEJ

mv_2 my, S — My
= K — K .
v=nt Z ((5—2) (s—n) +3—2>
1<v«l
card(_#y)>1
On recalling (11.10), we see that
et (s—n)—2(l—n) K_K_i_s(l—n)—(s—n).
5—2 5—2
A modicum of computation reveals that
(s=2)v=n(s—2)+(2—-2l4+n)K+s(l—n)—(s—n)
=(s—2K)(l—1)+n(K —1).

where

where
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Our hypothesis on s ensures that s > 2rk +1 > 2K + 1, and we may suppose
moreover that [ > 2. We therefore deduce that v > 1/(s — 2), and thus

J%(JZ/) <<NSd_K_1/S.

This completes the proof of our earlier claim, and hence the proof of Theorem
11.3 is now complete.
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